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CHAPTER  I 


INTRODUCTION 


Strictly  speaking,  real  vorld  inventory  systems  never  reach 
steady  state.  A  common  characteristic  of  most  inventory  systems  is 
that  they  are  continually  changing  with  time.  The  stochastic  processes 
generating  demands,  order  and  ship  times,  and  repair  times  may  change 
with  time  as  might  the  various  costs  that  are  of  interest.  In  many 
instances,  however,  the  changes  may  occur  slowly  enough  or  be  subtle  enough 
so  that  for  considerably  long  periods  of  time  the  inventory  system  can 
be  treated  as  if  it  were  in  a  steady  state  mode  of  operation.  For  this 
reason,  stationary  6teady  state  models  have  been  developed  and  applied 
to  many  practical  problems  of  inventory  management  and  control  in  multi¬ 
echelon  inventory  systems.  For  example,  the  United  States  Army  Materiel 
Support  Commands  use  a  stationary  multi-echelon  model  (U.S.  Army  [1983]) 
to  provision  billions  of  dollars  of  reparable  spare  parts.  For  many 
inventory  systems,  including  the  Army  system  during  peacetime,  steady 
state  models  and  the  assumptions  of  stationarity  embodied  in  them  have 
been  invaluable.  These  models  have  proven  to  be  convenient  in  terms  of 
input  data  collection  and  computational  burden,  and  to  be  adequate  for 
determining  cost  effective  stock  levels.  However,  there  are  many 
situations  where  the  short-term  behavior  of  the  inventory  system  is  of 
paramount  importance  and  in  these  situations,  stationary  models  may  be 
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inadequate  both  in  describing  the  relevant  transient  behavior  of  the 
system  and  in  determining  the  least  cost  mix,  quantity  and  distribution 
of  spares  that  meet  specified  performance  objectives.  For  situations 
where  steady  state  is  not  attained,  for  example,  because  of  a  short 
time  horizon  and/or  because  the  underlying  stochastic  processes  governing 
the  behavior  of  the  inventory  system  are  not  stationary,  it  may  be 
necessary  to  use  a  non-atationary  multi-echelon  model  that  explicitly 
models  the  interactions  among  the  echelons  and  properly  describes  the 
transient  behavior  of  the  system. 

At  the  onset  of  a  war  we  have  a  vivid  example  of  the  dynamic 
behavior  that  can  be  exhibited  by  the  processes  that  generate  demands, 
shipping  times,  repair  times,  etc.,  in  a  military  inventory  system. 
As  hostilities  begin,  the  demand  for  spare  parts  for  weapon  systems 
may  show  a  significant  increase  over  peacetime  values.  The  demand 
for  parts  may  then  decrease  as  weapon  systems  are  lost  through  attrition 
and  combat  damage  and  this  reduction  in  demand  may  continue  until 
replacement  weapon  systems  can  reach  the  combat  area,  at  which  time 
the  demand  for  spare  parts  may  again  increase.  Meanwhile,  ship  times 
between  combat  units,  intermediate  maintenance  and  supply  echelons, 
and  a  centralized  parts  depot  may  fluctuate  depending  on  enemy  activity 
and  the  availability  of  different  modes  of  transportation.  Furthermore, 
the  repair  rate  at  a  maintenance  location  may  initially  be  small  as 
the  location  awaits  the  arrival  of  specialized  technicians  and  test 
equipment  to  be  used  in  repairing  damaged  weapon  systems.  When  the 
technicians  and  test  equipment  arrive,  the  repair  rate  may  increase 
until,  possibly,  a  maximum  wartime  repair  rate  is  achieved.  The  repair 
rate  may  vary  over  the  duration  of  hostilities  if  the  repair  facilities 
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are  subjected  to  enemy  attacks  and  are  rebuilt  and  remanned  after 
these  attacks.  Therefore,  even  for  wars  of  long  duration,  the  dynamic 
behavior  of  the  inventory  system  may  be  such  as  to  preclude  use  of 
a  stationary  steady  state  model  to  determine  optimal  stock  levels 
and  resupply  policy. 

Furthermore,  the  initial  state  of  the  system  (e.g.,  number 
of  units  in  repair,  in  transit,  on-hand,  backordered,  etc.),  may  have 
a  pronounced  effect  on  the  achieved  performance  and  thereby,  the  required 
stock.  If  all  of  the  inventory  system's  spares  are  on-hand  and  available 
for  a  short  combat  contingency,  ve  would  expect  a  non-s tat ionary  model 
to  yield  different  results  than  if  all  of  the  systems  spares  are  in  the 
repair  facilities.  Stationary  steady  state  models  ignore  the  initial 
state  of  the  system  and  thereby  may  grossly  misrepresent  performance 
during  the  contingency. 

Another  example  of  the  dynamic  behavior  that  can  be  exhibited 
by  inventory  systems  occurs  when  a  new  product  is  introduced  into 
the  market.  (For  military  systems,  this  corresponds  to  the  development 
and  fielding  of  a  new  weapon  system).  As  more  and  more  units  of  the 
product  are  introduced  into  the  market ,  the  demand  for  spare  parts 
increases.  Repair  times  may  be  long  until  repairmen  gain  experience 
with  the  new  items.  Design  changes  may  affect  the  demand  and  repair 
rates  for  the  reparable  parts  of  the  product.  Furthermore,  as  time 
goes  by  and  demand  and  repair  time  dat8  are  collected,  new  estimates 
of  reliability  8nd  maintainability  factors  such  as  mean  time  to  failure 
and  mean  time  to  repair  may  be  made.  The  accurate  modelling  of  this 
type  of  dynamic  behavior  may  be  crucial  to  finding  a  cost  effective 
inventory  policy. 


In  a  general  N  echelon  inventory  system,  the  highest  echelon 
(echelon-N)  consists  of  a  lone  installation  referred  to  as  the  depot. 
Primary  customer  demands  for  reparable  items  usually  occur  only  at  the 
lowest  echelon  (ecbelon-1)  locations.  Echelon-1  is  often  referred  to  as 
the  user  echelon.  Depending  on  the  nature  of  the  required  repair, 
the  failed  unit  is  either  repaired  at  the  installation  to  which  it  has 
been  brought,  condemned  as  irreparable  and  removed  from  the  system,  or 
sent  to  a  higher  echelon  for  repair.  (Locations  on  the  same  echelon 
generally  have  the  same  repair  capability).  At  the  higher  echelon 
location  a  decision  is  again  made  whether  to  repair,  condemn,  or  send 
the  unit  to  a  higher  echelon.  All  failed  units  received  at  the  depot  are 
either  condemned  or  repaired  there.  Condemned  units  may  be  replaced  by 
procurement  from  an  external  supplier. 

At  each  location  in  the  system,  there  are  continuous  time 
stochastic  processes  which  govern  the  behavior  of  the  parameters  of 
operation  (PO)  which  are  the  probability  distributions  for  the 

a.  order  and  ship  time  to  each  location  thst  this 
particular  location  resupplies; 

b.  times  to  fault  diagnose  and  isolate  and  to  repair 
failed  units  at  that  location; 

c.  decision  to  condemn,  repair,  or  send  a  failed  unit  to 
a  particular  higher  echelon; 

d.  shipping  time  to  each  location  from  which  this 
location  seeks  resupply; 

e.  costs  to  buy,  hold,  and  scrap. 
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Furthermore,  there  are  atochaatic  counting  processes  generating  primary 
customer  demands  on  the  system  which,  in  combination  with  the  processes 
generating  the  PO,  yield  stochastic  counting  processes  describing  the 
demands  for  serviceable  units  at  each  location.  There  are  many  inventory 
systems  for  which  the  processes  generating  the  PO  are  known  and  stationary 
and  for  which  the  demand  process  is  suitably  well-behaved  so  that 
passage  to  steady  state  is  theoretically  assured.  Stationary  models 
describe  the  steady  state  behavior  of  these  stationary  systems.  As  we 
have  already  seen  there  are  also  many  important  non-stat ionary  inventory 
systems  for  which  one  or  more  of  the  PO  change  with  time  and/or  for  which 
the  demand  process,  planning  horizon  and/or  initial  conditions  are  such 
that  the  transient  behavior  of  the  system  must  be  analyzed.  Models 
that  describe  these  systems  will  be  referred  to  as  non-stationary  models. 

Inventory  Control  Policies 

The  status  of  an  item  at  a  location  at  time  t  contains  the 
following  information: 

a.  the  number  of  units  on-hand; 

b.  the  number  of  units  backordered; 

c.  the  number  of  units  in-repair; 

d.  a  probability  distribution  for  the  remaining  repair 
time  of  each  unit  in-repair; 

e.  the  number  of  units  on-order  from  the  depot  and  the 
external  supplier; 

f.  a  probability  distribution  for  the  delivery  time  of 


each  unit  on-order 
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The  system  condition  «t  time  t  is  defined  as  the  status  of 
every  item  at  every  location  at  t.  Note  that  the  initial  system  condition 
at  0  is  simply  the  initial  status  of  every  item  at  every  location. 

Ideally,  management  would  at  all  times  like  to  have  complete 
knowledge  of  the  system  condition.  Inventory  control  decisions  regarding 
resupply,  procurements,  disposals,  and  redistributions  of  spares  could 
then  be  made  in  continuous  time  on  an  as-needed  basis.  These  decisions 
would  be  based  on  the  current  system  condition  (or  subset  of  the  system 
condition)  and  the  stochastic  description  of  the  behavior  of  the  PO  and 
the  demand  process  over  the  rest  of  the  horizon.  This  real  time  control 
policy  (RTCP)  offers  management  great  flexibility  in  positioning  spares 
in  the  system  to  improve  inventory  performance.  Management  can  react 
quickly  to  updated  estimates  of  the  PO  and  demand  parameters  and  can 
also  quickly  compensate  for  random  phenomena  such  as  unexpectedly  small 
or  large  demand  at  one  or  more  locations.  Under  a  RTCP,  management 
also  has  the  ability  to  adapt  future  operating  rules  and  policies  based 
on  the  current  system  condition  and  knowledge  of  the  PO  and  the  demand 
process . 

However,  there  are  two  major  problems  that  make  implementing 
a  RTCP  for  a  multi-item  multi-echelon  inventory  system  difficult,  if 
not  impossible.  First,  there  is  the  need  to  continuously  store  and 
monitor  the  information  on  the  system  condition,  PO  and  demand  process 
upon  which  management  decisions  are  based.  For  many  systems  this  may 
be  impossible  because  of  the  number  of  items  and  locations  in  the 
system  and  the  cost  of  monitoring  and  storing  this  much  dats.  Secondly, 
even  if  the  data  are  continuously  monitored  and  stored,  the  effort  and 
cost  involved  in  continuously  determining  and  updating  operating  policies 


is  prohibitive.  In  a  very  strict  sense,  there  is  an  Uncertainty  Principle 
involved  in  the  calculation  of  operating  policies  under  a  RTCP.  Since 
calculations  are  not  instantaneous,  by  the  time  a  nev  operating  policy 
is  determined  the  data  may  have  changed  so  that  this  nev  policy  is  no 
longer  optimal  or  desirable. 

As  an  alternative  to  a  RTCP,  management  can,  at  time  0, 

decide  at  which  times  during  the  horizon  the  system  will  be  reviewed 

and  data  on  the  system  condition,  PO  and  demand  process  collected. 
Between  system  review  times,  an  operating  doctrine  is  followed  at  each 
location.  The  operating  doctrine  may  be  expressed  in  terms  of  any 

subset  of  system  condition  and/or  item  status  at  a  location  that  is 
continuously  available  to  the  system  and/or  location.  Only  at  system 
review  times  can  the  parameters  of  the  operating  doctrine  at  each 
location  or  the  operating  doctrine  itself  be  changed.  All  of  the 
classical  operating  doctrines  of  inventory  theory  such  as  two  bin 

ordering  policies  are  examples  of  this  horizon  control  policy  (HCP). 

The  U.  S.  Army  has  four  maintenance  and  supply  echelons. 
There  are  too  many  items  and  locations  for  a  centralized  facility  even 
to  monitor  continuously  just  the  number  of  units  on-hand  at  every 
location.  Rather,  the  Army  uses  an  HCP.  Each  location  monitors  only 
its  own  inventory  position  and  uses  a  (Q,r)  policy  between  quarterly 
management  directed  system  reviews.  The  reorder  point  and  reorder 
quantity  for  each  location  are  determined  each  quarter  based  on  the 
information  on  the  PO,  demand  process  and  system  condition  collected  at 
the  time  of  review.  Redistributions  of  spares  through  the  system  may 
also  be  ordered  at  these  times.  While  the  HCP  does  not  give  the  Army 
the  full  power  of  a  RTCP,  it  represents  the  best  viable  alternative. 
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Literature  Review 

Stationary  Multi-Echelon  Models  and  Analysis 

There  has  been  extensive  modelling  and  analysis  of  stationary 
multi-echelon  inventory  systems.  Examples  of  some  of  these  efforts 
can  be  found  in  Ignall  and  Veinott  (1969),  Silver  (1972),  Graves  and 
Schwarz  (1977),  and  Rim  (1978).  In  1968,  Sherbrooke  formulated  the 
well  known  METRIC  (Multi-Echelon  Technique  for  Recoverable  Item  Control) 
model  for  stationary  multi-echelon  inventory  systems  for  reparable 
items.  METRIC's  initial  use  was  for  military  inventory  systems  but 
it  has  now  been  applied  in  private  industry  as  well.  In  METRIC,  Sherbrooke 
attempted  to  model  explicitly  the  interactions  among  the  various  echelons 
in  the  inventory  system.  He  assumed  that  all  locations  followed  a 
continuous  review  (S-1,S)  or  one-for-one  resupply  (ordering)  policy. 
Each  time  a  location  sent  a  failed  unit  to  a  higher  echelon  location 
for  repair,  the  higher  echelon  location  would  resupply  the  lower  echelon 
location  with  a  serviceable  unit  as  soon  as  possible.  Therefore,  an 
optimal  policy  required  the  determination  of  only  the  single  critical 
number  S  for  each  location  which  was  the  constant  asset  position  (number 
on-hand  +  on-order  +  in-repair  -  backorders)  for  that  location.  The  (S-1,S) 
resupply  assumption,  along  with  the  assumption  of  a  homogeneous  Poisson 
Process  generating  primary  customer  demands,  greatly  simplified  the 
mathematical  analysis  and  considerably  reduced  the  computational  burden 
involved  in  determining  an  optimal  policy.  Muckstadt  (1973)  extended 
Sherbrooke's  work  to  include  mult i- indentured  items.  An  (S-1,S)  policy 
was  followed  at  every  location  for  every  level  of  indenture  (modules, 
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components,  sub-assemblies,  etc.).  Both  METRIC  and  Muckstadt's  MODMETRIC 
have  been  extensively  analyzed  in  the  literature  (see,  for  example,  Simon 
[1971],  Shanker  [1977]  and  Kotkin  [1978])  and  there  have  been  many 
variants  of  these  models  (Mason  [1975],  Clark  [1978]  and  Vincent  [1980]). 
Simon  (1971)  corrected  METRIC's  misuse  of  Palm's  Theorem  for  M/G/» 
queues  (Ross  [1970])  by  developing  exact  expressions  for  the  number  of 
units  due-in  to  user  locations  in  a  two  echelon  system  when  the  depot 
repair  time  vas  fixed.  Kruse  (1979)  simplified  Simon's  expressions  and 
extended  Simon's  work  to  more  than  two  echelons.  Approximations  to 
Simon's  computationally  cumbersome  model  were  developed  by  Slay  (1980) 
and  Kaplan  (1980).  Graves  (1983)  rediscovered  Slay's  negative  binomial 
approximation  and  again  demonstrated  its  effectiveness.  Excellent 
reviews  of  stationary  multi-echelon  models  may  be  found  in  Clarke 
(1972)  and  Nahmias  (1981). 

Non-Stat ionary  Multi-Echelon  ModelB  and  Analysis 

Clark  (1960)  reported  on  a  simulation  for  a  periodic  review 
non-stationary  multi-echelon  inventory  system  for  reparable  items. 
Unit  purchase  and  holding  costs  were  allowed  to  change  by  period  and 
condemnations  and  transshipments  between  locations  during  a  period  were 
allowed.  Stock  could  be  redistributed  among  the  locations  at  the 
beginning  of  each  period.  All  customer  backorders  were  passed  up  to 
the  highest  echelon  location.  No  description  of  the  simulation  or  of 
the  heuristic  used  to  determine  stock  levels  for  each  period  was  given. 

Bessler  and  Veinott  (1966)  studied  a  general  arborescent  multi¬ 
echelon  periodic  review  system  for  consumable  items.  They  assumed 


10 


no  delivery  lags  at  any  location;  no  fixed  ordering  (or  setup)  cost; 
and  that  any  demands  that  could  not  be  met  at  a  location  were  passed  on 
to  the  location's  direct  supplier  at  a  higher  echelon  ao  that  backorders 
existed  only  at  the  highest  echelon  location.  By  establishing  a  corres¬ 
pondence  between  the  multi-product  single  facility  problem  studied  by 
Veinott  (1965)  and  their  multi-facility  single  product  problem,  they 
determined  conditions  under  which  the  optimal  policy  for  an  N-period  problem 
could  be  expressed  as  the  order-up  to  level  solution  of  N  single  period 
problems . 

Ignall  and  Veinott  (1969)  extended  the  work  of  Bessler  and 
Veinott  to  include  delivery  lagB.  They  also  allowed  a  more  general 
supply  structure  in  which  any  facility  could  satisfy  shortages  at  any 
other  facility  providing  that  the  transferred  stock  was  replaced  from 
an  exogenous  source  at  the  beginning  of  the  next  period.  The  authors 
gave  sufficient  conditions  under  which  myopic  single  period  order-up 
to  policies  were  optimal  for  the  N-period  problem. 

Burns  and  Sivazlian  (1978)  used  control  theory  to  investigate 
the  dynamic  response  of  a  non-stat ionary  multi-echelon  inventory  system 
to  demands  placed  upon  it.  They  studied  a  cost  free  multi-echelon 
periodic  review  inventory  system  for  consumable  items.  Locations  on  a 
particular  echelon  were  resupplied  only  by  a  location  on  the  next 
higher  echelon  with  the  highest  echelon  location  receiving  resupply 
from  an  exogenous  source.  The  amount  ordered  at  each  location  at  the 
beginning  of  each  period  consisted  of  a  replacement  quantity  for  actual 
demands  in  the  previous  period  and  an  inventory  "adjustment"  or  hedging 
quantity  which  allowed  a  location  to  adjust  its  on-hand  stock  at  the 
end  of  8  period  to  a  desired  level  of  inventory  ownership  (safety 
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level).  This  level  of  ownership  was  expressed  as  a  certain  number  of 
periods  worth  of  expected  demand  at  that  location:  the  expectation 
being  a  first  order  exponentially  smoothed  average  of  past  demand. 
(This  is  similar  to  the  ordering  policy  considered  by  Bessler  and  Zehna 
(1968)  for  single  echelon  systems  and  by  Burns  (1970)  for  multi-echelon 
systems).  Burns  and  Sivazlian  noted  that  under  this  ordering  policy 
higher  echelons  would  over  react  to  lower  echelon  inventory  adjustments. 
This  was  called  a  "false-order"  effect.  Minor  variations  in  demand  at 
the  user  echelon  were  amplified  by  the  inventory  system  into  major 
disturbances  at  the  higher  echelons.  Using  simulation  they  demonstrated 
the  superiority  of  an  ordering  rule  they  developed  which  tried  to 
eliminate  these  false-order  effects. 

Kotkin  and  Rhoads  (1977)  used  a  simulation  to  test  a  heuristic 
for  using  a  stationary  model  to  determine  stock  levels  in  a  non-stationary 
three  echelon  multi-indentured  inventory  system  for  low  demand  items. 
All  PO  were  assumed  deterministic,  known  and  constant  over  the  horizon 
and  demands  were  assumed  to  form  a  non-homogen eous  Poisson  Process  whose 
intensity  factor  was  monotone  increasing  over  the  horizon.  The  horizon 
was  divided  into  convenient  periods  and  in  each  period  a  stationary 
model  (M0DMETR1C,  Muckstadt  [1973])  was  used  to  recalculate  the  asset 
position  for  the  modules  and  components  at  each  location.  Redistributions 
and  exogenous  additions  of  module  stock,  when  necessary,  were  instan¬ 
taneously  made  at  the  beginning  of  each  period.  Over  the  horizon, 
module  stock  levels  were  monotone  increasing  but  components  levels 
fluctuated.  Since  no  disposal  of  stock  was  allowed,  component  stock 
levels  were  fixed  at  their  steady  state  levels  bssed  on  the  values 
of  the  PO  and  the  demand  rate  at  the  end  of  the  horizon.  The  authors 


found  that  judicious  use  of  the  stationary  model  yielded  close  to  the 
optimal  module  stock  levels.  The  success  of  the  heuristic  was  credited 
to  the  fact  that  the  product  had  very  low  demand  so  that  redistributions 
and  additions  of  module  stock  were  not  frequent  over  the  horizon. 

Muckstadt  (1980),  in  studying  a  two-echelon  inventory  system 
for  reparable  items,  assumed  that  all  PO  were  deterministic,  known 
and  constant  and  that  demands  at  the  user  level  formed  a  non-homogeneous 
Poisson  Process  with  known  intensity.  In  order  to  calculate  the  non¬ 
stationary  distribution  of  the  number  of  units  in  resupply  to  a  user 
location,  he  used  an  argument  similar  to  Sherbrooke's  (1968)  argument 
for  stationary  two  echelon  systems.  Given  the  depot  stock  level  at 
time  t,  the  time  dependent  version  of  Palm's  Theorem  for  M(t)/G(t)/®  queues 
(Ross  [1972],  HilleBtad  and  Carillo  [1980])  was  used  to  calculate  the 
number  of  depot  backorders  outstanding  at  t.  The  delay  at  the  depot  before 
a  serviceable  unit  could  be  shipped  to  a  user  location  that  requested 
resupply  at  t  was  calculated  as  the  expected  number  of  depot  backorders 
outstanding  at  t  divided  by  the  average  depot  demand  rate  in  (t-R,tl. 
R  was  the  deterministic  depot  repair  cycle  time.  Here,  Muck6tadt 
used  the  steady  state  queueing  law  L  ■  *W  as  an  approximation  to  the 
transient  behavior  of  the  system.  Furthermore,  no  account  was  taken  of 
the  fact  that  depot  stock  might  change  after  time  t  thereby  affecting 
the  delays  experienced  by  user  locations.  (In  Chapter  III  we  derive 
the  exact  expressions  for  the  depot  delay).  As  in  Sherbrooke's  METRIC, 
the  delay  term  was  used  to  find  the  expected  number  of  depot  backorders 
belonging  to  a  particular  user  location  and  this  was  added  to  the  mean 
number  of  units  in  repair  at  and  en  route  to  the  user  location.  Muckstadt 
then  posited  a  Poisson  distribution  for  the  total  number  of  units 
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due-in  to  the  user  location.  Muckstadt  did  not  formulate  an  optimization 
problem  for  determining  the  optimal  stock  levels  over  time  for  the 
locations  in  the  inventory  system. 

Muckstadt,  possibly  without  realizing  it,  used  a  heuristic 
that  apportioned  the  depot  backorders  outstanding  at  t  to  the  various 
user  locations  according  to  the  proportion  of  the  depot  demand  in 
(t-R,t]  that  came  from  each  user  location.  This  was  essentially  what 
Simon  (1971)  did  for  stationary  two  echelon  systems.  As  we  shall  see 
in  Chapter  IV,  in  non-stationary  systems  this  is  correct  in  only  one 
very  special  case.  Hillestad  (1982)  used  a  similar  heuristic  in  his 
two-echelon  Dyna-METRIC  model  by  apportioning  the  depot  backorders  at  t 
to  the  user  locations  by  the  proportion  of  the  total  depot  demand  from 
each  location  over  some  "empirically"  determined  though  unspecified 
time  interval. 

Dyna-METRIC  made  provisions  for  indenture  levels  and  various 
degrees  of  controlled  substitution.  (The  Department  of  Defense  differ¬ 
entiates  between  cannibalization  and  controlled  substitution  according 
to  whether  the  weapon  system/ end  item  on  which  the  unit  is  located 
will  eventually  be  repaired).  Hillestad  proposed  an  optimization 
problem  that  considered  the  inventory  system  performance  at  times  of 
interest  specified  by  management.  At  each  of  these  times,  the  cost  of 
procuring  additional  stock  beyond  current  system  assets  was  minimized 
subject  to  a  constraint  on  performance  at  this  particular  time  only. 
Performance  between  the  times  specified  was  not  considered. 

Gross  and  Miller  (1982)  studied  the  transient  behavior  of  a 
two-echelon  Markovian  system  using  the  uniformization  technique  (Grassman 
11977])  to  obtain  numerical  solutions  to  the  Chapman-Kolmogorov  equations. 
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They  allowed  for  finite  repair  capacity  and  state  dependent  failure 
rates.  No  disposals  or  external  procurements  were  allowed.  They  used 
a  one-for-one  resupply  rule  and  FCFS  queue  disciplines  except  when  the 
depot  and  some  user  locations  were  backordered.  In  that  case,  when  a 
unit  completed  depot  repair  it  was  sent  to  the  user  location  with  the 
highest  number  of  outstanding  backorders  rather  than  the  location  at 
the  head  of  the  depot  resupply  queue. 

Their  state  space  grows  as  the  square  of  the  product  of  the 
number  of  locations  in  the  system,  the  number  of  items  in  the  system, 
and  the  stock  of  each  item  at  each  location.  This  quickly  becomes 
unmanageable  even  after  some  state  reduction  techniques  and  therefore 
makes  it  prohibitive  for  inclusion  in  an  optimization  scheme. 

Real-Time  Multi-Echelon  Models  and  Methods 

In  this  section  we  review  two  approaches  toward  real-time 
control  and  management  of  inventory  systems  of  the  METRIC  type.  The 
problem  considered  was  how  best  to  utilize  a  given  number  of  reparable 
spares  in  a  two  echelon  system  that  consisted  of  a  depot  and  user  locations 
called  bases.  Instead  of  rigidly  following  an  (S-1,S)  resupply  policy, 
these  real  time  models  made  decisions  about  resupply  on  an  as-needed 
basis.  Therefore,  even  though  a  base  sent  a  failed  unit  to  the  depot 
for  repair,  the  depot  was  not  obligated  to  ship  a  serviceable  unit  to 
the  base  to  replace  the  failed  unit.  This  allowed  greater  flexibility 
than  the  static  resupply  policy  of  stationary  models  like  METRIC  in 
redistributing  stock  to  the  various  locations.  The  rationale  for  this 
was  to  provide  the  supply  system  the  capability  to  respond  to  poor 


estimates  of  the  PO  and/or  to  transient  effects  such  as,  for  example, 
an  unexpectedly  large  number  of  demands  at  a  particular  base. 

Miller  (1968)  developed  a  heuristic  for  real-time  management 
called  Real-Time  METRIC  (RTM) .  The  initial  stock  level  at  each  location 
vas  determined  using  METRIC.  Stock  vas  redistributed  through  the  system 
via  the  depot.  The  decision  of  whether  to  ship  a  unit  from  the  depot 
to  a  base  depended  on  the  depot  "reluctance"  to  send  available  spares 
and  the  bases'  "need"  for  serviceable  stock.  The  depot's  reluctance  at 
time  t  was  expressed  as  a  heuristic  function  of  on-hand  stock  at  the 
depot  at  t .  A  base's  need  was  defined  as  the  number  of  backorders 
expected  to  be  outstanding  at  the  base  a  deterministic  depot  to  base 
ship  time  into  the  future.  A  comparison  of  depot  reluctance  and  base 
need  was  made  whenever  an  event  (demand  at  a  base  or  a  failed  unit 
completing  repair  at  the  depot)  occurred  that  caused  either  base  need  to 
increase  or  depot  reluctance  to  decrease.  A  unit  was  shipped  from  the 
depot  to  the  base  with  the  largest  need  that  exceeded  depot  reluctance. 
Miller  reported  a  significant  reduction  in  expected  backorder  days 
accumulated  over  a  year  for  high  demand  items  by  using  RTM  instead  of 
METRIC.  For  low  demand  items  no  significant  difference  was  observed. 

Each  time  that  a  comparison  of  depot  reluctance  and  base 
need  was  made,  RTM  looked  a  transportation  time  ahead.  Miller  (1974) 
later  showed  that  this  "Transportation  Time  Look  Ahead  Policy"  would 
be  optimal  if  the  depot  repair  cycle  time  were  zero.  While  RTM  could, 
in  principle,  handle  additions  to  or  depletions  from  system  stock,  no 
method  was  given  for  determining  when  to  add  or  delete  stock  from  the 
system.  Clearly,  in  a  non-stationary  environment  we  would  not  only 
want  to  know  when  and  how  to  redistribute  stock  but  also  when  to  change 


the  overall  system  stock  level. 

Galliher  and  Wilson  (1975)  improved  upon  RIM  by  eliminating 
the  need  to  use  the  RTM  depot  reluctance  function  and  by  use  of  different 
redistribution  rules.  As  in  RTM,  stock  was  redistributed  only  through 
the  depot,  and  redistribution  decisions  vere  made  when  a  base  requested 
resupply  or  when  a  unit  finished  depot  repair.  Instead  of  looking  a 
deterministic  transportation  time  ahead,  Galliher  and  Wilson  defined 
the  length  of  the  decision  horizon  at  time  t  to  be  R(t),  equal  to  a 
transportation  time  plus  the  expected  time  between  demands  at  the 
depot.  On-hand  units  vere  shipped  from  the  depot  spares  pool  until 
either  no  base  was  expected  to  have  any  backorders  outstanding  at 
t  +  R(t)  or  the  depot  ran  out  of  stock.  Remaining  depot  stock  was  shipped 
to  the  bases  that  vere  below  their  target  levels  (set  by  a  stationary 
model)  so  that  the  probability  of  incurring  a  backorder  in  the  system 
during  (t,t+R(t)]  was  minimized. 

Both  of  the  above  approaches  heuristically  determined  decision 
horizons.  The  behavior  of  demand  and  the  PO  after  these  lengths  of 
time  was  not  considered.  For  example,  if  the  demand  rate  at  a  base 
decreased  considerably  after  the  decision  horizon,  it  may  not  have  been 
best  to  ship  a  unit  from  the  depot  even  though  the  base  expected  to  be 
backordered  at  the  end  of  the  decision  horizon.  Similarly,  no  inventories 
vere  built  up  in  anticipation  of  an  increase  in  demand  after  the  decision 
horizon.  More  forward  looking  rules  might  not  have  made  the  same 
redistribution  decisions  and  might  have  improved  performance. 


The  objective  of  this  dissertation  is  to  develop  a  model  for 
determining  "cost"  effective  stock  policies  for  non-s  tat  ionary  two 
echelon  inventory  systems.  The  model  consists  of  two  basic  components. 
The  first  component  is  the  analytical  description  of  the  important 
stochastic  processes,  such  as  on-hand  inventory,  that  determine  inventory 
effectiveness.  The  second  component  is  an  optimization  scheme  that 
selects  a  least  "cost"  stock  policy  subject  to  constraints  on  inventory 
performance.  We  shall  also  examine  approximations,  where  necessary, 
that  reduce  the  computational  burden  and  thereby  aid  in  real  world 
implementation . 

Throughout  this  dissertation  we  deal  with  the  time  dependent 
stochastic  nature  of  the  PO  and  the  demand  process.  However,  we  do  not 
concern  ourselves  with  uncertainty  in  the  basic  parameters  of  the 
underlying  stochastic  processes  that  govern  the  behavior  of  the  PO  and 
the  demand  process.  This  problem  has  not  been  addressed  explicitly 
even  in  stationary  multi-echelon  models  because  it  severely  complicates 
the  analysis.  A  non-stationary  model  and  heuristics  dealing  with 
uncertainty  in  the  basic  parameters  would  be  a  logical  and  worthwhile 
extension  of  the  work  presented  here. 

Data  Availability 


The  increased  data  burden  in  using  a  non-stationary  instead 
of  a  stationary  model  can  range  from  the  effort  involved  in  determining 
the  length  of  the  scenario  to  a  mammoth  data  collection  effort  if  all 


parameters  are  continuously  changing  with  time.  In  this  section  ve 
cite  two  situations  where  data  were  obtained  from  U.  S.  Army  sources 
for  use  in  the  non-stat ionary  model  developed  in  this  dissertation. 
These  examples  do  not  establish  the  validity  of  the  work  herein. 
Rather,  they  demonstrate  that  data  for  effective  use  of  non-stat ionary 
models  in  the  Army  are  available. 

Example  1.1:  Contingency  Flv-Awav  Kits 

In  a  Grenada  type  contingency,  0.  S.  combat  forces  are  deployed 
outside  the  continental  U.  S.  for  a  short  period  of  time.  No  external 
resupply  to  these  forces  is  possible.  The  problem  is  to  determine  fly-away 
kits  of  spares  that  combat  units  should  carry  in  order  to  achieve  some 
specified  weapon  system  performance  targets. 

The  U.  S.  Army  Aviation  Systems  Command  wanted  a  method  for 
determining  the  fly-away  kits  for  a  division  (2  echelons)  of  Blackhawk 
helicopters.  Contingencies  were  expected  to  arise  with  little  or  no 
warning.  Therefore,  there  would  not  be  enough  time  to  run  a  detailed 
combat  simulation  to  obtain  daily  part  demand  rates  or  daily  information 
on  the  PO.  The  non-stat ionary  data  that  are  available  are  the  length 
of  the  scenario  and  the  initial  system  condition  which  usually  will 
reflect  that  all  spares  will  be  on-band  at  time  0.  These  data,  along 
with  the  stationary  part  data  obtained  from  the  standard  Army  data  base 
(0.  S.  Army  [1983]),  form  the  input  to  the  non-stat ionary  model. 

Examo le  1.2:  Wartime  Requirements  Determination 

The  U.  S.  Army  Training  and  Doctrine  Command  (TRADOC)  and 
the  U.  S.  Army  Materiel  Systems  Analysis  Activity  have  developed  detailed 
combat  simulations.  From  these  simulations  we  obtained,  for  a  specific 
scenario,  daily  demand  rates  and  changes  in  the  repair  time  distributions 
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based  on  the  attack-defense  posture  of  each  location  in  a  two  echelon 
system.  These  data,  along  with  scenario  length  and  initial  conditions, 
were  input  to  the  non-stat ionary  model  to  obtain  recommended  Btock 
quantities  and  the  expected  delays  in  satisfying  resupply  requests. 
These  delays  were  input  to  another  TKADOC  simulation  of  the  wartime 
logistics  support  structure  to  evaluate,  from  a  logistics  point  of 
view,  various  combat  and  budgetary  strategies. 

Organization  of  Dissertation 

Chapter  II  catalogs  and  discusses  the  basic  assumptions  made 
in  this  dissertation.  The  chapter  also  contains  background  material  on 
non-homogeneous  Poisson  Processes  and  one-for-one  inventory  systems,  as 
well  as  new  results  on  the  recursive  calculation  of  the  moments  of  the 
distributions  of  backorders  and  on-hand  inventory.  Chapters  III  and  IV 
derive  the  time  dependent  probability  distributions  of  the  pipeline  and 
other  important  stochastic  processes  at  the  depot  and  bases,  respectively. 
Chapter  V  discusses  evaluation  of  inventory  performance  in  non-stat ionary 
systems  and  also  proposes  two  performance  measures  to  be  considered  in 
an  optimization  problem.  The  optimization  problem,  the  Fixed  Asset  Vector 
Problem  (FAVP),  assumes  that  the  asset  position  at  each  location  is 
fixed  at  the  beginning  of  the  horizon  and  that  a  one-for-one  resupply 
policy  is  followed  thereafter.  In  Chapter  VI  we  examine  approximations 
to  the  bases'  computationally  cumbersome  pipeline  distributions  and 
propose  approximating  the  actual  base  pipeline  distribution  with  a 
negative  binomial  distribution.  In  Chapter  VII  we  discuss  computational 
experience  with  the  FAVP  on  weapon  systems  managed  by  the  U.  S.  Army 


Materiel  Command.  We  also  compare  the  stock  lists  and  costs  obtained 
from  the  FAVP  with  those  obtained  from  a  stationary  steady-state  model. 
Chapter  VIII  introduces  the  Asset  Vector  Transformation  Problem  which, 
together  with  the  FAVP,  can  be  used  in  a  heuristic  to  try  to  determine 
the  optimal  asset  levels  over  time  in  a  non-stat ionary  inventory  system. 
Chapter  IX  contains  a  summary  of  the  major  results  of  this  dissertation 
and  brief  discussions  on  various  extensions  to  the  work  presented  herein. 


CHAPTER  II 


PRELIMINARIES 


This  chapter  presents  some  basic  definitions  and  assumptions 
used  throughout  this  study  as  veil  as  background  material  on  non-homo- 
geneous  Poisson  Processes  and  one-for-one  [ ( S— 1 ,S) ]  inventory  systems. 
The  final  section  contains  new  results  on  the  recursive  calculation  of 
moments  of  the  distributions  of  backorders  and  on-hand  inventory  in 
one-for-one  inventory  systems . 


Non-Homoeeneous  Poisson  Process 


The  stochastic  counting  process  {N(t),  t  >_  0}  is  said  to 
be  a  non-homogeneous  Poisson  Process  (NHPP)  with  intensity  function 
X(t)  if 

(i)  N(0)  -  0; 

(ii)  {N(t),  t  >_  0}  has  independent  increments; 

(iii)  Pr(2  or  more  events  in  [t,t+h])  -  0(h); 

(iv)  Pr(exactly  one  event  in  [t,t+h])  -  X(t)h  ♦  0(h). 

These  four  conditions  are  often  referred  to  as  the  axioms 
defining  a  NHPP.  Parzen  (1962),  among  others,  shows  that  these  conditions 
ensure  that  for  any  half-open  interval  (s,tj,  0  <_  s  <_  t  for  which  X(*) 
is  not  identically  zero,  and  n  ■  0,  1,  2 . 
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where  m(t)  ■  J  X  (x)dx  is  the  mean  value  function  (MVF)  so  referred 
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to  since  E[N(t)  -  N(s)]  ■  m(t)  -  m(s)  and  in  particular,  E[N(t)]  ■ 
m(t).  If  X(x)  »  0  for  all  *  in  (s,t]  then  N(s)  ■  N(t).  Throughout 
this  study  we  assume  that  m(t)  is  differentiable  and  the  derivative  of 
m(t)  is  thus  simply  the  intensity  of  the  NHPP  at  t.  We  also  assume 
that  X(t)  is  finite  for  all  t.  Note  that  m(t)  is  non-decreasing  and  always 
right  continuous  because  of  the  definition  of  a  NHPP  but  in  this  study 
because  of  the  assumption  of  the  differentiability  of  m(t),  m(t)  is 
necessarily  continuous.  (See  Cinlar  [1975]  for  a  brief  discussion 
of  non-continuous  MVF  and  reference  to  the  more  complete  work  of  Khinchine 
[1960]  on  non-continuous  MVF). 

Appendix  A  catalogs  some  useful  properties  of  NHPP.  Most 
notable  are  PI.,  ensuring  that  the  superposition  of  independent  NHPP 
is  itself  a  NHPP,  and  P10.  the  Splitting  Property,  concerning  the 
decomposition  of  a  NHPP  into  independent  constituent  NHPP  by  means  of 
an  independent,  though  possibly  time  varying,  splitting  mechanism. 
These,  and  many  of  the  other  properties  listed  in  Appendix  A  are  analogs 
of  results  for  homogeneous  Poisson  Processes.  These  results  might 
suggest  a  relationship  between  non -homogeneous  and  homogeneous  Poisson 
Processes.  In  fact,  such  a  relationship  doe6  exist. 

For  a  NHPP  (N(t),  t  >_  0}  with  MVF  m(t)  let  m~*(u)  *  inf 
(s:  m(s)  >_  u}  be  the  inverse  of  the  MVF.  If  X(t)  >  0  for  all  t  so 
that  the  MVF  is  strictly  increasing,  then  m~*(u)  is  the  classical 
inverse.  Otherwise,  m~*(u)  is  the  inverse  of  the  function  m(')  restricted 
to  a  domain  consisting  of  points  where  the  MVF  strictly  increases.  In 
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either  case,  nf'(u)  is  strictly  increasing  and  it  is  continuous  because 
of  the  continuity  of  the  MVF  (Kitchen  [1968]).  If  N*(u)  *  N[m~*(u)] 
then  it  is  easy  to  see  that  (N  (u) ,  u  >_  0)  is  a  homogeneous  Poisson 
Process  vith  MVF  E[N  (u)]  ■  E[N(m_1(u))]  “  mtuTMu)]  ■  u  and  intensity 
1.  The  counting  process  (N*(u),  u  >_  0}  records  the  number  of  events 
occurring  on  a  transformed  time  scale  that  measures  u  when  the  real 
time,  in  the  sense  of  the  KHPP  (N(t),  t  >_0},  is  m“*(u).  Cinlar  (1975) 
gives  the  following  theorem  restating  the  above  result  in  terms  of  the 
times  of  arrivals. 

Theorem  2.1:  tj,t2»...  are  the  arrival  times  in  a  NHPP  with  MVF  m(t) 

if  and  only  if  m(tj),  m(t2),.«.  are  the  arrival  times  in 
a  homogeneous  Poisson  Process  with  intensity  1.  // 

Therefore,  every  NHPP  with  continuous  MVF  can  be  converted  to  a  homogeneous 
Poisson  Process.  Theorem  2.1  can  be  used  to  prove  many  of  the  properties 
listed  in  Appendix  A  by  appealing  to  the  corresponding  result  for 
homogeneous  Poisson  Processes.  Theorem  2.1  i6  extremely  useful  in 
Monte  Carlo  simulations  involving  NHPP  (Cinlar  [1975]). 

In  a  NHPP,  the  magnitude  of  an  event  is  always  one.  Consider 
the  case  where  the  event  magnitude  at  time  t  is  independent  of  the 
magnitude  of  other  events  and  has  distribution  function  F(x,t)  x  >_  0, 
t  >_ 0,  with  Laplace-Stielt jes  transform  F*(w,t).  If  we  replace  axioms 
(iii)  and  (iv)  with 

(iiic)  Pr(N(t+h)  -  N(t)  ■  x)  ■  X(t)dxF(x,t)h  ♦  0(h) 
then  we  have  a  set  of  axioms  defining  a  non-homogeneous  compound  Poisson 
Process  (NHCPP).  By  writing  the  forward  or  backward  Kolmogorov  equations 


where 


t 

m(t)  ■  /  A(s)ds 
0 

1  t  * 

C(v,t)  -  /  F  (w,s)  (s)ds. 

Note  that  C(w,t)  is  the  "intensity-weighted"  average  of  the  Laplace-Stielt- 
jes  transforms  over  (0,t]  (Galliher  [1975]).  If  dxF(l,t)  ■  1  for  all 
t,  then  setting  e~v  ■  z  reduces  (2.1)  to  the  generating  function  of  a  NHPP. 

Analogously  to  homogeneous  compound  Poisson  Processes,  a 
NHCPP  can  be  vieved  as  the  stochastic  process  that  records  the  sum 
of  the  independent  jump  magnitudes  of  a  process  whose  jump  times  occur 
in  accordance  with  a  NHPP.  Thus,  if  0  <  s^  ^sj...  S.  »u(t)  —  t  are 
the  epochs  of  the  N(t)  events  that  have  occurred  by  time  t  in  a  NHPP 
(N(s),  8  >_  0}  and  y(sj)  is  the  magnitude  of  the  event  at  time  Sj  with 
distribution  F(x,Sj),  j  «  1,  2,...,  N(t),  then  as  long  as  the  jump 

magnitudes  are  mutually  statistically  independent  random  variables, 

N(t) 

(N  (t)  ■  l  y(s  •)  ,  t  >  0)  is  a  NHCPP  and  the  transform  (2.1)  is  readily 

J-l  J 

obtained  by  direct  arguments. 

Manor  Assumptions 

For  expository  purposes,  throughout  most  of  this  study  we 
focus  attention  on  a  two  echelon  inventory  system  consisting  of  N 
user  echelon  locations  called  bases  and  a  central  second  echelon  resupply 
and  maintenance  depot.  The  flow  of  units  of  an  item  through  a  two  base 
system  is  depicted  in  Figure  1.  In  this  section  we  list  and  discuss 
the  major  assumptions  made  regarding  the  operation  of  the  system. 
Assumption  1:  Primary  customer  demands  at  bsse^,  i  ”  1,2,...N,  form 
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Figure  1:  Flow  of  Units  in  a  Two-Echelon  Two  Base  System 


26 


a  NHPP  with  known  intensity  0  <.  X-(t)  <  «  and  differentiable  MVF  m^(t) 
t 

■  /  X.  (x)  dz.  The  demand  processes  at  the  bases  are  mutually  statis- 

0 

tically  independent. 

To  the  author's  knowledge,  no  studies  of  the  demand  processes 
of  any  real  world  non-stat ionary  inventory  systems  have  been  performed. 
The  Armed  Forces  often  conduct  training  exercises  and  war  games  but 
as  of  yet  no  reports  on  any  data  collected  have  appeared.  In  combat 
situations,  however,  item  failures  not  due  to  combat  damage  are  often 
assumed  to  follow  a  homogeneous  or  non-homogeneous  Poisson  Process 
(Coggins  [1983]).  Studies  of  stationary  systems  by  Galliher  and  Wilson 
(1975)  [aircraft  engines]  and  Mitchell  et  al  (1980)  [10,000  aircraft 
parts]  accepted  the  hypothesis  that  failures  of  an  item  at  the  user 
level  followed  a  homogeneous  Poisson  Process.  Other  studies  by  Johnson 
and  McCoy  (1978),  Metzner  (1981),  and  Proschan  (1983)  on  aircraft 
parts  rejected  the  same  hypothesis  although  in  each  6tudy  an  explana¬ 
tion  is  given  as  to  why  the  hypothesis  was  rejected  assuming  it  wa6 
likely  to  be  true. 

A  priori,  there  are  three  possible  objections  to  Assumption 
1.  The  first  is  that  while  customers  might  arrive  according  to  a 
NHPP,  order  sizes  might  be  larger  than  one.  If  this  were  true,  a 
NHCPP  model  of  demand  is  more  appropriate.  Most  of  the  results  of 
this  study  can  be  extended  to  systems  in  which  primary  customer  demand 
follows  a  NHCPP.  However,  customers  usually  demand  only  single  unit6 
of  an  expensive  item  and  it  is  the  expensive  items  that  usually  account 
for  the  largest  inventory  investment  (Orr  [1977],  Peterson  and  Silver 
[1979],  p73-80).  The  second  objection  is  that  the  variance  to  mean 
ratio  (VMR)  of  the  demand  in  any  interval  might  be  greater  than  one. 
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If  this  were  due  only  to  non-unit  order  sizes,  a  NHCPP  model  of  demand 
would  be  appropriate.  If  the  increased  variability  is  due  to  other 
factors,  such  as  uncertainty  of  the  intensity  function  or  a  truly 
more  variable  underlying  demand  process,  using  a  NHCPP  to  model  demand 
is  only  an  approximation  whose  effectiveness  would  need  to  be  investi¬ 
gated.  (This  issue  will  be  discussed  in  more  detail  in  Chapter  IX). 
The  third  objection  arises  from  the  fact  that  if  there  were  a  finite 
calling  population  of  customers  at  the  bases,  the  arrival  rate  of 
failed  units  at  time  t  may  depend  upon  the  number  of  operating  units  at 
time  t.  The  U.  S.  Army  assumes  for  most  weapon  systems  that  a  certain 
operating  tempo  (hours  flown,  miles  driven,  etc.)  is  maintained  each 
month  regardless  of  the  number  of  operational  weapon  systems  (Kaplan 
[1980]).  Each  operational  weapon  system  may  be  used  more  than  originally 
planned  to  compensate  for  the  downed  systems  and  therefore,  the  number 
of  failures  of  an  item  will  tend  to  be  consistent  with  original  projec¬ 
tions.  For  systems  with  large  calling  populations  and/or  high  performance 
targets  in  which  the  percentage  of  total  customers  that  are  down  is 
expected  to  be  small,  the  infinite  population  assumption  should  cause 
no  harm.  For  very  small  customer  populations,  the  assumptions  of  a 
state  independent  NHPP  generating  demand  may  be  inappropriate.  However, 
Zmurkewycz  (1984)  observed  that  even  for  small  populations  (in  one  case 
10  customers  with  a  medium  performance  target  and  in  another  case  2 
customers  with  a  high  performance  target)  the  expected  number  of  customer 
backorders  obtained  from  an  infinite  population  two-echelon  stationary 
model  was  within  IX  of  the  backorders  from  a  finite  population  Monte 
Carlo  simulation. 

Assumption  2.  When  a  failed  unit  is  brought  to  base^  the  decision. 
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made  by  the  base^  diagnostic  facility,  either  to  repair  the  failed 
unit  at  the  base^  repair  facility,  to  send  it  to  the  depot  for  repair, 
or  to  condemn  it  as  irreparable  is  made  independently  of  the  decisions 
made  on  other  units  at  other  times  and  depends  only  upon  the  complexity 
of  the  required  repair. 

The  base^  diagnostic  facility  examines  a  failed  unit  and 
determines  the  repair  action  required  to  restore  the  unit  to  a  service¬ 
able  condition.  When  the  required  repair  can  be  accomplished  at  the 
base^  repair  facility,  the  failed  unit  is  sent  there.  If  the  failed 
unit  requires  depot  action,  either  because  the  repair  is  beyond  base^ 
capabilities  or  because  the  diagnostic  facility  cannot  determine  the 
extent  of  the  required  repair,  the  diagnostic  facility  sends  the  unit 
to  the  depot.  Otherwise,  the  diagnostic  facility  condemns  the  unit 
as  irreparable  and  removes  it  from  the  system.  Condemnations  result 
in  the  loss  of  a  system  asset  that  can  be  replaced  by  a  procurement 
from  the  external  supplier.  The  decision  of  the  diagnostic  facility 
depends  only  upon  the  estimated  ability  of  the  ba6e^  and  depot  repair 
facilities  to  effect  the  necessary  repairs  and  is  independent  of  all 
else  including  the  decisions  made  on  other  units  at  other  times,  the 
number  of  serviceable  spares  on-hand  at  base^  and  the  depot,  and  the  number 
of  units  already  in  the  base^  and  depot  repair  facilities. 

Assumption  3:  When  a  failed  unit  is  Bent  from  8  base  to  the  depot 
the  decision,  made  by  the  depot  diagnostic  facility,  either  to  repair 
the  unit  or  to  condemn  it  and  remove  it  from  the  system,  depends  only 
upon  the  complexity  of  the  required  repair.  This  decision  is  made  inde¬ 
pendently  of  the  decisions  made  on  other  units  and  without  regard  to 
the  number  of  units  on-hand  or  in  repair  at  the  depot. 


Assumption  3  imposes  an  independence  condition  on  failed 
units  sent  to  the  depot  similar  to  the  one  imposed  by  Assumption  2 
on  failed  units  brought  to  the  bases.  Both  Assumption  2  and  Assumption 
3  allow  the  probabilities  of  a  particular  diagnosis  to  vary  with  time 
as  long  as  each  diagnosis  is  independent  of  other  diagnoses  and  the 
number  of  units  on-hand  and  in  repair.  This  is  particularly  useful 
in  wartime  scenarios  where  the  various  combat  situations  and  missions 
may,  over  different  time  intervals,  result  in  different  types  of  damage 
to  the  item  and/or  affect  the  ability  of  the  various  repair  facilities 
to  perform  the  necessary  repairs. 

Assumption  4:  The  times  spent  in  the  diagnostic  facilities  are  mutually 
statistically  independent.  Repair  times  are  mutually  statistically 
independent . 

There  is  no  restriction  on  the  distribution  of  repair  times 
at  a  repair  facility  as  long  as  the  independence  of  individual  repair 
times  is  maintained.  In  fact,  both  the  diagnostic  time  and  repair 
time  distributions  are  allowed  to  change  with  the  time  of  failure, 
and  the  repair  time  distribution  may  also  depend  upon  the  time  at 
which  repair  was  initiated  after  fault  diagnosis  and  isolation.  For 
example,  a  wartime  scenario  that  calls  for  base^  to  be  in  an  intense 
combat  zone  in  (s,t]  may  alter  the  repair  time  distribution  according 
to  whether  the  unit  failed  before  or  after  6  and  according  to  the 
time  at  which  repair  was  initiated  after  fault  isolation  was  completed 
by  the  appropriate  diagnostic  facility.  In  summary,  the  diagnostic 
and  repair  times  of  a  particular  failed  unit  need  not  be  independent 
but  the  times  of  different  units  are  mutually  independent. 

Assumption  5:  There  is  no  batching  of  units  before  fault  diagnosis 


begins.  There  is  do  batching  of  units  before  repair  begins. 


It  is  usually  uneconomical  to  adopt  a  batch  diagnostic  and/or 
repair  policy  for  expensive  reparable  items  (Peterson  et  al  [1959])  so 
for  most  items  of  interest  this  assumption  is  not  restrictive. 
Assumption  6:  There  are  an  infinite  number  of  servers  at  the  diagnos¬ 
tic  and  repair  facilities. 

Assumptions  5  and  6  ensure  that  diagnosis  begins  immediately 
upon  receipt  of  a  failed  unit  at  a  diagnostic  facility  and  that  likewise, 
repair  begins  immediately  upon  receipt  of  a  failed  unit  at  a  repair 
facility.  Together  with  Assumption  4  they  preserve  the  statistical 
independence  of  the  times  different  units  spend  in  the  diagnostic  and 
repair  facilities.  If  units  were  allowed  to  queue  and  wait  for  diagnosis 
and/or  repair  there  would  be  a  correlation  between  the  times  successive 
units  spend  in  the  diagnostic  and  repair  facilities. 

The  effect  of  an  ample  service  assumption  on  finite  server 
systems  has  been  studied  directly  by  Gross  (1982),  who  compared  the 
steady  state  behavior  of  an  M/M/ ®  queue  and  an  M/M/c  queue  with  the 
same  mean  time  in  the  repair  facility  (waiting  time  plus  repair  time), 
and  indirectly  by  Slay  (1980)  and  Kaplan  (1980),  both  of  whom  compared 
the  M/G/»  queue  arising  from  Sherbrooke's  (1968)  METRIC  model  and 
the  infinite  server  queue  with  Poisson  arrivals  and  correlated  service 


times  arising  from  Simon's  (1971)  two-echelon  model.  They  all  found  that 
for  low  utilization  factors  (Kleinrock  [1975],  pl8)  the  ample  service 
assumption  induced  little  error  in  determining  the  equilibrium  number 
of  customers  waiting.  As  expected,  as  the  utilization  factor  increas¬ 
ed,  the  error  increased.  Gross  (1982)  reports  significant  errors  only 
as  the  utilization  factor  approached  1.  We  conclude  from  these  studies 


that  the  ample  service  assumption  should  not  be  made  lightly  but  that 
there  are  many  situations  for  vhich  this  assumption  is  adequate. 

In  particular,  based  on  intuition  and  the  stationary  studies 
above,  ve  expect  the  ample  service  assumption  to  be  satisfactory  for 
items  for  vhich  the  number  of  units  in  the  repair  (diagnostic)  facility 
at  any  time  during  the  horizon  is  not  large  compared  to  the  maximum 
number  of  available  servers.  Such  items  might  have  lov  failure  rates, 
small  repair  (diagnostic)  times  and/or  be  part  of  multi-item  systems 
where  the  servers  and  test  equipment  are  not  dedicated  to  any  particu¬ 
lar  item.  In  the  latter  case,  since  servers  can  work  on  any  of  a  number 
of  different  items,  the  chances  of  a  backlog  in  repairing  (diagnosing) 
a  particular  item  are  considerably  reduced.  For  these  reasons,  the 
ample  service  assumption  is  routinely  used  in  the  stationary  multi-echelon 
models  employed  by  the  Armed  Forces  (Sherbrooke  [1968],  Clark  [1978], 
U.  S.  Army  [1983]).  We  will  discuss  this  issue  again  in  Chapter  IX. 
Assumption  7;  There  is  no  lateral  resupply  among  the  bases. 

By  Assumption  2,  the  base^  diagnostic  facility  never  sends 
a  failed  unit  to  another  base  repair  facility.  Complementing  this, 
Assumption  7  prohibits  base^  from  ever  seeking  resupply  from  another 
base  for  serviceable  units  base^  has  issued  to  customers.  Base^  will 
seek  resupply  only  from  its  own  repair  facility,  the  depot  or,  in 
the  case  of  condemnations,  the  external  supplier.  Sherbrooke  (1968) 
reports  very  little  lateral  transfer  for  Air  Force  Systems  and  the 
Army  (1983)  and  Navy  (Clark  [1978])  do  not  consider  it  a  major  factor 
in  determining  stock  levels.  In  "optimally"  controlling  a  non-station- 
ary  multi-echelon  inventory  system,  it  might  of  course  be  desirable  to 
transfer  assets  from  a  base  with  a  lot  of  on-hand  stock  to  another 


base  that  has  little  or  no  on-hand  stock.  The  data  required  for  making 
this  decision  "optimally"  are  similar  to  the  data  required  for  optimal 
real  time  control,  which,  as  was  pointed  out  in  Chapter  I,  presents 
an  almost  insurmountable  data  management  problem.  In  fact,  Hiller's 
Real  Time  METRIC  (1968)  does  not  allow  for  lateral  resupply.  Optimal 
policies  or  heuristics  for  handling  lateral  resupply  are  beyond  the 
scope  of  this  study. 

Assumption  8:  All  locations  follow  a  one-for-one  ( [ S( t )  —1 , S( t )  ] )  resupply 
policy  at  all  times. 

Every  location  seeks  resupply  by  exchanging  a  failed  unit 

for  a  serviceable  unit  from  a  resupplier  on  a  one-for-one  basis. 

If  the  base^  diagnostic  facility  sends  the  unit  for  base^  repair,  resupply 

cones  from  the  base^  repair  facility  in  the  form  of  repairing  the 
failed  unit  and  returning  it  to  the  base^  serviceable  spare  stock 
pool.  If  the  unit  is  condemned,  resupply  comes  from  the  external 
supplier.  Otherwise,  resupply  is  from  the  depot.  In  a  sense  we  are 
assuming  that  at  all  times  the  economic  order  quantity  for  base^  from 
each  of  its  resuppliers  is  1.  Similarly,  the  depot  seeks  resupply 

on  a  one-for-one  basis  from  its  repair  facility  or  the  external  supplier 
according  to  whether  the  unit  is  repaired  at  the  depot  or  condemned.  For 
most  expensive  or  low  demand  items,  a  one-for-one  resupply  policy  is 
usually  optimal  for  stationary  continuous  review  inventory  systems 
(Hadley  and  Whitin  [1963],  p204)  and  during  many  dynamic  scenarios  of 
interest  it  is  reasonable  to  assume  that  an  [S(t)-1 ,S(t)]  policy  is 
still  the  best  ordering  policy  for  these  types  of  items.  Furthermore, 
the  various  models  used  by  the  Armed  Forces  for  peacetime  spares  deter¬ 
mination  assume  a  one-for-one  ordering  policy  and  there  is  no  reason  to 


believe  this  policy  would  change  during  a  surge  or  wartime  situation 
(Kruse  and  Cohen  [1983],  Hillestad  [1982]). 

Ultimately,  we  would  like  to  make  real-time  resupply  decisions 
rather  than  always  following  a  one-for-one  resupply  policy.  Even  under 
an  HCP ,  we  might  want  to  change  the  resupply  policy  at  management 
intervention  times  to  reflect  what  we  predict  will  happen  during  the 
remainder  of  the  horizon.  For  example,  if  we  expect  base^  to  be  destroyed 
at  time  t,  there  seems  to  be  very  little  reason  for  the  depot  to  honor 
a  resupply  request  from  base^  at  t“,  thereby  giving  the  depot  another 
asset  to  use  in  resupplying  the  surviving  bases.  As  we  Bhall  see,  a 
change  in  the  resupply  policy  corresponds  to  a  change  in  the  asset 
levels  (Definition  2.2  in  the  next  section)  at  one  or  more  locations. 
Hence,  we  can  view  the  system  as  continually  using  a  one-for-one  resupply 
policy  except  for  management  directed  changes  in  S(t).  This  will  be 
discussed  in  detail  in  Chapter  VIII  where  we  develop  a  model  for  determining 
the  management  intervention  times  and  the  decisions  to  be  made  at  these 
times . 

Assumption  9:  Unfilled  demand  at  a  location  is  backordered  and  eventually 
satisfied  on  a  first  come-first  served  (FCFS)  basis. 

If  there  is  no  on-hand  6tock  at  the  base  at  the  time  of  a 
customer's  demand,  the  demand  is  backordered  and  eventually  satisfied 
on  a  FCFS  basis .  At  the  depot,  resupply  requests  from  the  bases  are  handled 
similarly . 

Assumption  10:  The  external  supplier  has  an  infinite  supply  of  serviceable 
spares . 

In  summary  then,  the  two  echelon  inventory  system  depicted 
in  Figure  1  behaves  as  follows:  primary  customer  demands  occur  at 


Che  bases.  When  a  failed  unit  is  brought  to  a  base,  the  base  issues 
the  customer  a  serviceable  spare  if  one  is  available  or  else  backorders 
the  demand  (FCFS).  The  base  diagnostic  facility  either  condemns  the 
failed  unit  or  sends  it  to  either  the  base  repair  facility  or  the 
depot.  If  the  unit  is  condemned,  an  order  is  placed  with  the  external 
supplier  for  a  new  unit  to  be  added,  upon  arrival,  to  the  base  service¬ 
able  spare  stock  pool.  If  the  unit  is  sent  to  the  depot,  the  depot  is 
obliged  to  send  a  serviceable  spare  to  the  base  as  soon  as  one  is 
available  with  all  the  unfilled  base  resupply  requests  being  backordered 
and  satisfied  on  a  FCFS  basis.  The  decision  by  the  base  diagnostic 
facility  depends  only  upon  the  complexity  of  the  repair  required  and 
is  independent  of  the  decisions  on  other  units  at  other  times.  Likewise, 
when  the  depot  diagnostic  facility  receives  a  failed  unit,  it  decides, 
independently  of  the  decisions  on  other  units  at  other  times  and  depending 
only  upon  the  complexity  of  the  required  repair,  whether  to  condemn  or 
repair  the  unit.  A  condemnation  results  in  an  order  being  placed  on 
the  external  supplier  while  if  the  unit  iB  repaired  at  the  depot,  upon 
completion  the  serviceable  unit  is  put  into  the  depot  spare  6tock  pool 
and  is  available  to  satisfy  base  resupply  requests. 


Throughout  this  study,  we  number  the  bases  from  1  through 
H  and  0  will  refer  to  the  depot.  At  location^,  i  *  0,1,2,...N,  at 
time  t  >,  0  let 

H^(t)  •  number  of  units  on-hand; 

B^Ct)  ■  number  of  backorders  outstanding; 


DjCt)  -  number  of  unserviceable  units  in  the  locationi  diagnostic 
facility; 

Ri(t>  "  number  of  unserviceable  units  in  the  locatio^  repair 
facility; 

E^t)  -  number  of  serviceable  unite  still  en  route  at  t  to 
location^  from  the  external  supplier  to  replace 
condemnations  at  location^  in  (-«,t]. 

For  basest  i  -  1,..,  N,  also  define  DEi(t)  as  the  number  of 
serviceable  units  en  route  from  the  depot  to  basei  at  time  t  plus  the  number 
of  resupply  requests  placed  by  basei  in  (-»,tl  that  are  backordered 
at  the  depot  at  t  (because  no  serviceable  units  are  available  at  the 
depot  spares  pool  for  shipment) .  DE£(t)  is  the  number  of  resupply  requests 
placed  on  the  depot  by  basei  in  (-«,tl  for  which  basei  has  not  received 
a  serviceable  spare  by  t:  either  because  the  depot  has  not  yet  shipped 
one  and  has  thus  backordered  the  request  or  because  the  serviceable 
unit  the  depot  shipped  is  still  in  transit  to  basej  at  t. 

For  ba.ei,  let  X.(t)  -  D^t)  ♦  R^t)  ♦  E^t)  +  DE^t).  Because 
of  the  one-for-one  resupply  policy,  X^t),  called  the  pipeline  quantity 
or  pipeline  for  short,  represents  the  number  of  customer  demands  at 
b*8ei  in  (~”,t]  for  which  the  basej^  spares  pool  has  not  received  a 
serviceable  unit  by  t  as  resupply  for  the  demanded  serviceable  unit 
that  it  either  has  issued  or  will  issue  to  satisfy  the  customer  request. 
Note  that  X^*)  does  not  change  when  diagnosis  on  a  unit  is  completed  since 
®i<  ^  decreases  by  one  but  because  of  the  one-for-one  resupply  policy, 
one  and  only  one  of  E£(  * ) ,  Ri(  * )  or  DE^*)  increases  by  1 .  In  fact,  X^-) 
increases  by  1  if  and  only  if  D^(  • )  increases  by  1.  X^-)  decreases 

by  1  if  and  only  if  one  and  only  one  of  Ri(  * ) ,  E £(  * )  or  DE^*)  decreases 


36 


by  1  representing  the  receipt  of  a  serviceable  unit  at  the  base-  spares 
pool  from  either  the  base^  repair  facility,  the  external  supplier  or 
the  depot,  respectively.  X^(t)  reflects  the  initial  system  condition 
since  it  includes  units  that  were  in  the  pipeline  at  0  and  are  still 
in  the  pipeline  at  t. 

At  the  depot,  let  Vq(0  be  the  number  of  unserviceable  units 
en  route  to  the  depot  diagnostic  facility  from  the  bases.  Similarly  to 
the  bases,  define  the  pipeline  at  the  depot  as  Xq(0  ■  Dq( t )  ♦  Rg(t)  ♦ 
E0(t)  +  Vq(0.  The  depot  pipeline  has  a  similar  interpretation  as  the 
number  of  serviceable  units  due-in  to  the  depot  from  the  depot's  resupply 
process.  Note  that  Xq(*)  changes  only  vhen  Vq(*)  increases  or  when 
Rq(*)  or  Eq( *)  decreases. 

When  a  location  receives  a  demand,  it  immediately  issues 
a  serviceable  unit  if  there  is  one  on-hand  or  it  backorders  the  request 
to  be  filled  on  a  FCFS  basis.  The  failed  unit  immediately  enters 
the  resupply  process  by  being  sent  to  the  location's  diagnostic  facility. 
This  implies  that  for  all  t  >.0,  and  all  i  *  0,1,...,N,  H^ltJB^t)  *  0. 
Since  resupply  is  on  a  one-for-one  basis  it  also  implies  that  if  X^(t)  *  0 
all  serviceable  units  that  location^  is  authorized  to  have  would  be 
on-hand  at  t.  This  leads  to  Definition  2.2. 

Definition  2.2:  The  asset  level  at  location^,  i  *  0,1,... N,  at  time 

t  >.0,  8^(t)  H  H^(t)  -  B£(t)  +  X^Ct),  is  the  maximum 
number  of  serviceable  units  that  can  be  on-band  at 
location^  at  time  t. 

After  base^  receives  a  demand  at  t,  it  either  issues  a  service¬ 
able  unit  from  its  spares  pool  or  backorders  the  demand,  thereby  decreasing 
H^Ct)  -  B^t)  by  precisely  1.  The  failed  unit  immediately  enters  the 
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diagnostic  facility,  increasing  X^(t)  by  1  and  tbereby  resulting  in  no 
change  to  s^Ct).  Furthermore,  if  base£  receives  a  serviceable  unit 
from  the  resupply  process  at  t,  X^(t)  decreases  by  1  but  the  unit  just 
received  either  satisfies  an  existing  backorder  or  is  put  into  the 
base^  spares  pool  resulting  in  an  increase  in  H^t)  -  B^t)  of  1  and 
thereby  again  causing  no  change  in  8^(0.  Similarly,  a  resupply  request 
placed  on  the  depot  at  t  decreases  Hq(0  -  Bq(0  by  1.  Since  concurrent 
with  the  request  a  failed  unit  is  sent  from  a  base,  Vq(0  and  therefore 
Xq(0  increases  by  1  resulting  in  no  change  to  SQ(t).  Furthermore, 
if  Xg(t)  decreases  by  1,  HpCt)  -  Bq(0  increases  by  1.  Thus,  at  every 
location  the  asset  level  varies  vith  time  only  through  management 
directive  and  not  because  of  demands  at  a  location  or  the  interactions 
of  the  resupply  system.  This  is  a  direct  consequence  of  the  one-for-one 
resupply  policy  and  is  characteristic  of  all  (S-1,S)  inventory  systems. 

Of  course,  management  decisions  to  change  the  asset  level 
at  a  location  could  be  based  on  an  optimization  model  that  reflects 
the  demand  history,  anticipated  future  demand  and  the  current  system 
condition.  (See  Chapter  VIII).  If  management  does  not  interfere 
vith  the  normal  workings  of  the  inventory  system,  then  s^Ct)  is  constant 
through  time  and  in  particular,  s^Ct)  ■  8^(0)  for  all  t  and  i  *  0,1,2,..N. 
If  management  has  sent  additional  spares  to  location^,  either  through 
new  external  procurement  or  redistribution  of  system  assets,  S£(t) 
reflects  only  those  units  that  have  arrived  at  location£  by  t  and  were 
therefore  available  to  satisfy  demands  that  occurred  before  t  at  location^ 
Likewise,  S£(t)  reflects  only  those  management  cutbacks  that  have  been 
implemented  by  t.  Therefore,  S£(t)  differs  from  S£(0)  only  through  the 
total  of  the  assumed  known  management  directives  to  either  increase  or 


38 


decrease  assets  at  location^  that  have  been  implemented  by  time  t. 

From  Definition  2.2  ve  have  that 

B^t)  -  [X^t)  -  s^t)]*  (2.2) 

H^t)  *  Is^t)  -  Xi(t)]  +  .  (2.3) 

Since  S£(t)  is  a  known  function  of  time,  (2.2)  and  (2.3)  show  that 
the  pipeline  quantity  X^(t)  provides  all  the  necessary  information 
to  determine  the  on-hand  stock  and  backorder  position  at  location^ 
at  any  time  t.  Chapters  III  and  IV  are  devoted  to  describing  the 
stochastic  processes,  {{X^t),  t  >_0}  i  ■  0,1,...N). 


Backordt 


On-hand  Moments 


In  this  section  we  present  results  on  the  calculation  of 
the  moments  of  the  distributions  of  on-hand  inventory  and  outstanding 
backorders  for  one-for-one  inventory  systems  with  integer  pipelines. 
The  results  are  true  for  all  locations  and  all  times  so  we  temporarily 
suppress  the  notation  indicating  location  and  time  and  define 
B[s]  *  backorders  given  an  asset  level  of  b; 

H[s]  *  on-hand  inventory  given  an  asset  level  of  s; 

X  ■  pipeline  quantity. 

From  (2.2)  we  have  that 

E(B[s])  -  l  (j-s)Pr(X-J) 
j>s 

-  I  Pr(X>j)  (2.4) 

j>s 

and 


-  I  j2Pr(X«j)  +  s2Pr(X>s+l)  -  2slE(X)  -  \  jPr(X-j)]. 
j>s  j-1 

For  all  distributions  on  the  non*~negative  integers, 
k  k 

l  Pr(X>J)  -  l  j  Pr(X-j)  +  k  Pr(X>k+l) 

j-1  j-1 

so  that  using  this  and  (2.4)  yields 

g 

E(B2[s])  -  E(X2)  -  l  j2Pr(X-j)  -  s2Pr(X>s+l)  -  2sE(B[s]).  (2.5) 

J-1 

Note  that  E(B[0l)  -  E(X)  and  E(B2l0])  -  E(X2)  as  we  expected  from  (2.2) 
since  for  s  ■  0,  B  ■  X. 

Equations  (2.4)  and  (2.5)  allow  the  calculation  of  the  mean 
and  variance  of  the  backorder  distribution  for  a  given  asset  level 
based  on  knowledge  of  the  pipeline  distribution.  As  we  have  already 
mentioned  and  shall  see  in  Chapter  V,  the  asset  level  is  often  the 
decision  variable  in  an  optimisation  problem.  Therefore,  many  trial 
values  may  be  examined  in  an  algorithm  (Kotkin  (1978))  and  a  recursive 
calculation  of  the  mean  and  variance  of  the  backorder  distribution 
is  desirable. 

Theorem  2.3:  (a)  E(Blsl)  -  E(Bls-ll)  -  Pr(X>s-l) 

(b)  Var(B[s])«Var(B[s-l])-Pr(X<8-lME(B[s))  +  E(B[s-l])} 
Proof :  Let  l(z)  -  1  if  z  >  0  and  let  l(z)  ”  0  otherwise.  Then, 


B(s)  -  B(s-l)  -  l(B[s-l)) 


(2.6) 


since  increasing  the  asset  level  from  s-l  to  s  decreases  the  number 
of  outstanding  backorders  by  precisely  1  whenever  B [ s— 1 ]  >_  1.  From 
(2.2)  for  n  ■  1,2,... 

E{ln(B( s-l ] ) >  -  Pr(Bls-l)  >_  1)  -  Pr(X>s-l )  (2.7) 

so  that  (a)  follows  immediately  upon  taking  the  expectation  of  both 
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sides  of  (2.6)  [as  well  as  from  (2.4)1.  Furthermore,  from  (2.6) 
Var(Blsl)  -  Var(B[s-ll)  +  Var{l(B[s-l] ) )  -  2  Cov(B[s-ll,  I(B[s-ll)> 
But  Var{l(Bts-l))>  -  E(l2( B[ s-1 1 ) >  -  E2(I(B[ s-l] ) > 

-  Pr(X>s-l)  Pr(X<s-l) 

and  Cov(B[s-l] ,  I(B[s-l])>  -  E{B[s-l]l(B[ s-l] )}  -  E(B[s-ll)E{l(B[s-l])} 

-  E( B[ s-l ] )  Pr(X<s-l ) 

from  (2.7)  and  the  fact  that  B[s-l]l(B[s-l] )  -  B[s-ll  >_0.  Therefore, 

Var(Btsl)  -  Var(Bls-ll)  +  Pr(X<s-l){Pr(X>s-l)  -  2E(b[s-1])> 

From  (a)  we  have  that  Pr(X>s-l)  -  E(B[s-ll)  -  E(B[sl)  and  substituting 

this  above  we  immediately  obtain  (b).  // 

Note  that  as  expected  both  the  mean  and  variance  of  the 

backorder  distribution  are  decreasing  functions  of  the  asset  level 

and  both  go  to  zero  as  s  goes  to  infinity. 

Using  (2.6)  we  can  obtain  a  recursive  formula  for  any  moment 

of  the  backorder  distribution. 

Theorem  2.4;  For  n  -  1,2,... 

E(Bn[s])  =  E(Bn[s-l])  +  (-l)nPr(X>s-l) 

n-1  .  , 

+  l  (-D  J  (")E(B:J  [s-l]) . 
j-1  J 

Proof:  From  (2.6)  we  have 

E(Bn[s])  -  E{[B[s-l]  -  I (B [ s— 1 ] ) ]n} 

-  E{X(?)BJ  [s-lll^  (B[s-lJ)  (-l)n_j  } 

0  J 

-  E(Bn[s-l])  +  (-l)nE{In(B[s-l])> 

n-l 

+  l  (~l)n_^ (*?)E(B^ [s-l]In-^ (B[s-1] ) ) • 

j-1  2 


For  n  >_  j  >0,  B^[s-1]  In“j(B[ s-l ] )  *  B^[s-1]  >.  0.  Using  this  and 
(2.7)  in  the  above  expression  establishes  Theorem  2.4.  // 

Realizing  that 

H[ s ]  -  H[ a-l 1  +  Ks-X)  (2.8) 

ana  using  arguments  similar  to  the  ones  used  to  prove  Theorems  2.3 
and  2.4  we  can  prove  Theorem  2.5  which  gives  results  on  the  moments 
of  the  distribution  of  on-hand  inventory. 

Theorem  2.5:  (a)  E(Htsl)  -  E(H[s-l ] )  +  Pr(X<s-l) 

(b)  Var(H[sl)  -  Var(H[s-l])  +  Pr(X>s-l)  <E(H[s] )  +  E(H[s-l])> 

(c)  for  n  ■  1,2,... 

n-1  , 

E(Hn[s])  -  E(Hn[s-l])  +  Pr(X<s-l)  +  £  (?)E(lr  [s-1] ) .  // 

j-1  J 

Note  that  the  mean  and  variance  of  the  distribution  of 
on-hand  inventory  are  increasing  functions  of  6  and  they  grow  without 
limit  as  s  goes  to  infinity. 

The  above  results  can  be  extended  to  arbitrary  distributions 
for  X  so  that  the  results  can  be  used  in  many  of  the  classical  inven¬ 
tory  models  where  X  will  represent  demand  during  a  lead  time  and 
analogs  of  (2.2)  and  (2.3)  are  valid  (Kotkin  [1983]). 

The  results  in  this  section  are  used  extensively  in  Chapter  V 
where  we  formulate  an  optimization  problem  that  requires  the  determina¬ 
tion,  for  various  depot  and  base  asset  levels,  of  the  expected  number 
of  base  backorders  outstanding  at  each  point  in  time  during  the 
horizon.  We  present  these  results  here  a6  background  material  so  that 
the  reader  can  keep  them  in  mind  as  we  derive  the  distributions  of  the 
depot  and  base  pipelines  in  the  next  two  chapters. 


Next  page  is  blank. 


CHAPTER  III 


DEPOT  CHARACTERISTICS 


In  this  chapter  ve  derive  the  time  dependent  probability 
distribution  of  the  depot  pipeline  and  ve  also  study  other  important 
stochastic  processes  that  arise  at  the  depot.  The  results  of  this 
chapter  are  used  extensively  in  Chapter  IV  to  derive  the  distributions 
of  the  bases '  pipelines.  However,  the  material  in  this  chapter  is 
interesting  and  useful  in  its  own  right:  it  pertains  to  the  analysis 
of  non-stat ionary  single  echelon  inventory  systems. 

Demand  at  the  Depot 


Recall  that  a  demand  at  the  depot  for  a  serviceable  unit 
occurs  when  some  base,  upon  completion  of  its  diagnostic  procedures, 
seeks  resupply  for  the  unserviceable  unit  it  has  just  sent  to  the 
depot.  Define  P^(s,t)  as  the  probability  that  a  unit  that  fails  at 
time  s  >  0  and  completes  base^  diagnosis  at  t  >  s  will  be  sent  to  the 
depot  for  further  diagnosis  and/or  repair.  Furthermore,  let  G^(s,t)  be 
the  probability  that  a  unit  that  fails  at  s  >  0  will  complete  base^ 
diagnosis  by  t  >_  s .  For  fixed  t  >  0,  we  classify  a  failure  at  time 
0  <  s  <  t  as  one  of  three  mutually  exclusive  and  exhaustive  types: 

Type  I:  Diagnosis  on  the  unit  was  completed  by  t  and  a  decision 


Si 
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was  made  to  send  the  unit  to  the  depot.  This  occurred 
with  probability 

t 

P^s)  -  /  P1(s,y)  dG1(s,y). 
s 

Type  II:  Diagnosis  on  the  unit  was  completed  by  t  and  a  decision 
vas  made  either  to  condemn  the  unit  or  to  repair  the 
unit  at  the  base.  This  occurred  with  probability 
t 

Pj! (s)  -  J  (l-P1(s,y))dGi(s,y) . 
s 

Type  III:  Diagnosis  on  the  unit  vas  not  completed  by  t.  This 
occurred  with  probability  ■  1  -  G^(s,t). 

Note  that  for  all  0  <  s  1  t,  Pj(s)  +  PII(s)  +  Pm(s)  *  1.  For  a 
particular  unit  the  decision  made  by  the  diagnostic  facility  may  depend 
upon  the  time  of  failure  and  upon  the  time  spent  in  the  diagnostic 
facility.  However,  by  assumption,  the  decisions  made  on  different 
units,  as  well  as  the  diagnostic  times  of  different  units,  are  mutually 
statistically  independent.  Therefore,  the  Splitting  Property  for  NHPP, 
P10,  guarantees  that  the  number  of  resupply  requests  placed  on  the 
depot  by  base^  forms  a  NHPP  with  MVF 

t 

A,  (t)  -  J  X  (s)  P  (s)  ds.  (3.1) 

1  0 

Since  demands  at  each  base  form  independent  NHPP  and  the 
diagnostic  times  and  decision  making  mechanisms  at  the  bases  are  also 
independent,  we  have,  as  a  consequence  of  the  Superposition  Property 

EL  that  the  demands  for  serviceable  units  at  the  depot  form  a  NHPP 

N 

with  MVF  mQ(t)  *  J  A^t). 


Depot  Asset  Position 


Because  of  the  one-for-one  resupply  assumptions,  the  depot 
asset  position  changes  over  time  only  through  management  directive.  At 
time  t  >_  0,  management  may  change  the  asset  position  by  directing  a 
change  either  in  the  depot's  net  inventory,  Hq(0  -  Bg(t),  or  in  the 
depot  pipeline  quantity,  XqCi).  (See  Definition  2.2).  Management  may 
change  the  net  inventory  by  delivering  or  removing  serviceable  units 
and  "creating"  or  "cancelling"  outstanding  backorders.  A  change  in 
Xq(0  can  be  effected  either  by  discarding  a  unit  already  in  the  pipeline 
or  by  adding  a  unit  to  the  depot  pipeline  without  a  corresponding 
resupply  request  from  a  base. 

Management  may  elect  to  increase  the  depot's  net  inventory  by 
delivering  serviceable  units  to  the  depot  spares  pool.  These  deliveries, 
a6  well  as  all  other  management  directives  that  change  the  depot  asset 
position,  are  assumed  to  be  scheduled  at  the  beginning  of  the  horizon 
and  are  also  assumed  not  to  depend  on  the  system  condition  at  any  time 
in  (0,t]  or  on  the  depot  demand  process  in  (0,t]. 

Essentially,  management  decreases  the  depot's  net  inventory 
by  "demanding"  a  serviceable  unit  from  the  depot  spares  pool.  If  there 
is  stock  on-hand,  a  serviceable  unit  is  immediately  issued  to  management. 
Otherwise,  we  assume  the  creation  of  a  backorder  due-out  to  management 
which,  along  with  the  other  demands  on  the  depot,  will  be  satisfied  in 
accordance  with  the  FCFS  discipline.  Since  the  times  of  the  management 
directed  changes  are  determined  at  the  beginning  of  the  horizon,  these 
"management  demands"  result  in  a  non-continuous  MVF  for  the  NHPP  describing 
depot  demand.  For  ease  of  exposition,  the  subsequent  analyses  in 
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Chapter  III  assume  a  continuous  MVF  arising  from  base  resupply  requests. 
The  methods  of  Cinlar  (1975)  for  non-continuous  MVF  can  be  applied  to 
easily  extend  the  analyses. 

Management  siay  increase  Xp(t)  by  placing  an  unserviceable 
unit  in  the  depot  pipeline  without  a  corresponding  resupply  request 
from  a  base.  (Presumably,  these  unserviceable  units  are  available  as 
the  result  of  previous  sianagement  decisions  not  to  diagnose/repair 
units  that  failed  somewhere  in  the  inventory  system).  This  type  of 
management  directive  does  not  affect  the  depot  demand  process.  However, 
there  is  no  longer  a  one-to-one  correspondence  between  units  in  the 
pipeline  and  base  resupply  requests.  The  NHPP  describing  the  number  of 
units  that  enter  the  depot  pipeline  now  has  a  non-continuous  MVF  to 
represent  both  the  base  resupply  requests  and  the  entries  scheduled  by 
management.  Again,  for  ease  of  exposition,  in  the  subsequent  analyses 
we  deal  only  with  a  continuous  MVF  arising  from  base  resupply  requests. 
The  methods  of  Cinlar  (1975)  can  again  be  applied  to  extend  the  analyses 
to  include  this  type  of  management  directive. 

The  management  directives  to  cancel  an  existing  backorder  or 
to  discard  a  unit  already  in  the  pipeline  are  more  cumbersome  to  deal 
with.  First,  there  is  no  assurance  that  these  directives  can  be  implemented 
at  their  scheduled  times.  Therefore,  we  would  need  rule6  to  cover  the 
possibility  that  there  may  be  a  delay  in  implementing  these  changes. 
Depending  on  the  rules  chosen,  SQ(t)  may  become  a  random  variable. 
Secondly,  the  very  fact  of  whether  these  directives  can  or  cannot  be 
implemented  at  t  provides  information  about  the  pipeline  8nd  the  demand 
process  in  (0,tl.  For  example,  cancelling  a  backorder  due-out  to  a 
particular  base  implies,  among  other  things,  that  Xq(0  >  SQ(t)  and 
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also  that  there  was  at  least  one  resupply  request  from  that  particular 
base  backordered  at  t.  The  subsequent  analyses  in  this  chapter  do  not 
allow  for  these  two  types  of  asset  position  changes.  The  analyses  can 
be  extended  to  deal  with  these  types  of  management  directives  by  carefully 
and  tediously  conditioning  on  the  relevant  information  obtained  at 
their  originally  scheduled  times  for  implementation  and  the  effects  on 
the  asset  position  of  a  delay  in  their  implementation.  In  a  similar 
manner,  the  analyses  could  be  extended  to  include  management  directives 
that  depend  on  the  system  condition  at  times  in  (0,t]  and/or  on  the 
depot  demand  process  in  (0,tl. 


Depot  Pipeline 

The  depot  pipeline  at  time  t  >_  0,  Xq(0,  consists  of:  units 
that  were  in  the  depot  pipeline  at  time  0  and  are  still  in  the  pipeline 

at  t;  units  that  were  in  some  base  diagnostic  facility  at  time  0,  were 

sent  to  the  depot  in  (0,t]  and  are  still  in  the  depot  pipeline  at  t; 

and  units  that  failed  at  the  bases  in  (0,t],  were  sent  to  the  depot  in 

(0,t]  and  are  still  in  the  depot  pipeline  at  t.  Because  of  our  assumptions, 
these  three  components  of  XpCt)  are  independent  so  that  Xg(t)  can  be 
obtained  from  the  convolution  of  three  random  variables.  The  first  two 
random  variables  can  be  easily,  albeit  tediously,  computed  from  knowledge 
of:  the  initial  system  condition;  the  distributions  of  the  diagnostic, 
shipping  and  external  procurement  lead  times;  and  the  diagnostic  decision 
making  mechanisms  at  the  bases  and  the  depot.  Since  the  stochastic 
description  of  the  first  two  components  is  not  a  goal  of  this  dissertation, 
ve  vill,  for  ease  of  exposition,  assume  that  Xq(0)  *  0  and  also  that 
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all  base  pipelines  are  empty  at  0.  Without  loss  of  generality,  ve 
concentrate  here  on  the  stochastic  description  of  the  component  of 
Xq(0  arising  from  failures  at  the  bases  in  (0,tl. 

Fix  some  time  t  >  0  and  consider  a  demand  placed  on  the  depot 
at  0  <  s  <_t.  The  demand  is  classified  as  one  of  the  following  mutually 
exclusive  and  exhaustive  types: 

Type  1:  The  failed  unit  sent  to  the  depot  at  s  is  still 

en  route  to  the  depot  at  t. 

Type  2:  The  failed  unit  arrived  at  the  depot  by  t  but  haB 

not  completed  diagnosis  by  t. 

Type  3:  The  failed  unit  completed  depot  diagnosis  by  t. 

A  decision  was  made  to  repair  the  unit  at  the  depot 
but  the  repair  was  not  completed  by  t. 

Type  4:  The  failed  unit  completed  depot  diagnosis  by  t. 

A  decision  was  made  to  condemn  the  unit  thereby 
generating  an  order  on  the  external  supplier.  A 
serviceable  replacement  from  the  external  supplier 
has  not  arrived  at  the  depot  by  t. 

Type  5:  The  failed  unit  completed  depot  diagnosis  by  t. 

If  the  decision  made  was  to  repair,  the  unit  completed 
depot  repair  by  t.  If  the  decision  made  was  to 
condemn,  a  serviceable  replacement  from  the 


external  supplier  arrived  at  the  depot  by  t. 


Since  each  demand  is  classified  independently  of  other  demands. 


P10  guarantees  that  the  number  of  demands  classified  into  each  type  form 


mutually  statistically  independent  NHPP.  In  particular,  define: 


v(s,t) 


Pr(a  shipping  time  begun  at  s  has  ended  by  t); 
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c(s,ti,t2)  *  Pr(a  unit  that  was  shipped  to  the  depot  at  s 
and  which  started  diagnosis  at  tj  has  left 
the  diagnostic  facility  by  t2) ; 
r(s ,t i ,t2,t3)  *  Pr(a  unit  that  was  shipped  to  the  depot  at 
s ,  started  diagnosis  at  tj  and  entered  the  repair 
facility  at  t2  has  left  the  repair  facility 
by  t3); 

e(sft1>t2,t3)  -  Pr(a  serviceable  unit  arrived  by  t3  in 


response  to  an  order  placed  on  the  external 


supplier  at  t2  to  replace  a  unit  that  was 


shipped  to  the  depot  at  s  and  which  started 


P0(s,t, ,t2) 


diagnosis  at  tj); 

Pr(a  unit  that  was  shipped  to  the  depot  at 


s,  arrived  at  tj  and  completed  diagnosis  at 
t2  was  sent  to  the  depot  repair  facility). 
Vq(0  is  the  number  of  Type  1  demands  in  (0,tl.  As  a  consequence  of 
P10 .  Vq(0  has  a  Poisson  distribution  with  mean 


/  Xn(s)  [1—v (s , t ) ]  ds 


(3.2) 


where  Xq(s)  is  the  intensity  of  the  NHPP  describing  demands  at  the 
depot.  Dg(t)  [Type  2  demands]  has  a  Poisson  distribution  with  mean 


/  X  (s)  I  d[v(s ,y) ] [l-c(s,y ,t) ]  ds. 
0  s 


(3.3) 


Rg(t)  [Type  3  demands]  has  a  Poisson  distribution  with  mean 


/  J  d[v(s,y)]  /  d[c(s,y,z)]P  (s,y,z)[l-r(s,y,z,t)]  ds.  (3.4) 

Os  y  u 


Finally,  Fg(t)  [Type  4  demands]  has  a  Poisson  distribution  with  mean 


wswr 


I  * 

.v/' 


rv»^r\l 
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t  t  t 

/  XQ(s)  J  dlv(s.y)]  J  dIc(8,y,2)][l-P0(8,y,z)]Il-e(s,y,z,t)]  ds.(3.5) 
0  s  y 

Since  for  *11  t  >  0,  VQ(t),  DQ(t),  Rq( t)  *nd  EQ(t)  are  mutually 
statistically  independent,  Xg(t)  has  a  Poisson  distribution  with  a  mean 
obtained  by  summing  (3.2)  to  (3.5). 

Define  Fq(s,0  as  the  probability  that  a  failed  unit  that  was 
shipped  to  the  depot  at  time  s  >  0  (and  thereby  entered  the  depot  pipeline 
at  s)  is  not  in  the  depot  pipeline  at  t  >_  s.  Then,  for  all  t  >  0, 
Xq(0  has  a  Poisson  distribution  with  mean 

V8)  U-V8-'”  ds  (3.6) 

where,  using  (3.2)  to  (3.5),  we  have  that 

t  t 

F0(s,t)  -  /  /  dlv(8,y.)]d[c(s,y  ,y  )] 

S  yl 

•  {p0(s.yi,y2)  r(s,y1,y2,t)  (3.7) 

+  tl-P()(s,y1,y2)]  e(s,y1,y2,t)}. 

For  ease  of  exposition  and  notational  convenience,  we  have 
assumed  that  the  depot  shipping,  diagnostic,  repair  and  external  procurement 
lead  times,  as  well  as  the  depot  repair/condemn  decision  making  mechanism, 
do  not  depend  upon  the  original  time  of  failure  of  the  unit  or  upon  the 
base  at  which  it  failed.  As  long  as  the  independence  among  different  failed 
units  is  maintained,  it  is  a  simple,  straightforward  matter  to  extend 
the  above  analysis  to  the  case  where  the  time  and  location  of  failure 
affect  the  relevant  depot  processes.  We  leave  it  to  the  reader  to 
verify  that  (3.7)  can  be  modified  to  handle  these  new  dependencies  so 
that  Xq(0  remains  a  Poisson  random  variable  with  mean  given  by  (3.6). 
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Delay  at  The  Depot 

Let  Wg(t)  be  the  delay  before  the  depot  sends  a  serviceable 
unit  to  the  base  that  requested  resupply  from  the  depot  at  t+  >  0.  To 
calculate  the  distribution  of  Wg(t)  ve  extend  the  method  used  by  Kruse 
(1980)  to  determine  the  distribution  of  customer  wait  in  a  stationary, 
single  location  (S-1,S)  inventory  system  with  arbitrary,  independent 
resupply  times  and  demands  forming  a  homogeneous  Poisson  Process. 

Clearly,  Wg(t)  ■  0  if  and  only  if  Hg(t)  >  0  since  one  of  the 
Hq( t )  serviceable  units  on-hand  at  the  depot  spares  pool  will  be  immediately 
sent  to  the  base  that  requested  resupply.  If  X()(t)  >.B()(t)  then,  from 
(2.3),  Hg(t)  »  0  and,  from  (2.2),  there  are  Bg(t)  ■  Xg(t)  -  8g(t)  >. 0 
backorders  outstanding  at  the  depot  at  t.  Because  of  the  FCFS  policy, 
these  Bq( t )  backordered  base  resupply  requests  must  be  satisfied  before 
the  resupply  request  at  t+  can  be  satisfied.  Therefore,  if  Xg(t)  >_  SQ(t), 
the  base  that  requested  resupply  will  receive  the  (Xg(t)  -  Sg(t)  +  l)c^ 
serviceable  unit  that  becomes  available  for  issue  at  the  depot  after  t. 

There  are  two  ways  that  serviceable  units  become  available 
for  issue  by  the  depot  spares  pool.  First,  a  serviceable  unit  will 
enter  the  depot  spares  pool  when  it  leaves  the  depot  pipeline  because 
the  unit  either  just  arrived  from  the  external  supplier  or  just  completed 
repair  at  the  depot.  Secondly,  management  may  send  additional  serviceable 
units  to  the  depot  in  order  to  increase  the  depot  asset  level.  Therefore, 
Wq( t )  >  w  >  0  if  and  only  if 

Xg(t)  -  8q( t )  >_  M+( t ,t+w)  +  a(t,t+w)  +  f (0,t)  +  f(t,t+w)  (3.8) 

where 

M+(t,t+w)  ■  number  of  serviceable  units  sent  by  management 


that  arrived  at  the  depot  in  (t,t+v]. 
a(t,t+w)  ■  1  if  the  unit  that  entered  the  depot  pipeline 

because  of  the  demand  at  t  +  has  left  the 
pipeline  by  t  +  w.  Otherwise,  a(t,t+v)  ■  0. 
f(tl»t2)  *  number  of  units  that  entered  the  depot  pipeline 
in  (t2,t2l  and  left  the  pipeline  in  (t,t+wl. 
Since  units  that  left  the  pipeline  in  (t,t+v]  must  have  originally 
entered  the  pipeline  either  in  (0,t]  or  in  (t,t+v],  the  right  hand  side 
of  (3.8)  is  precisely  the  non-negative  number  of  serviceable  units  that 
becomes  available  for  issue  at  the  depot  spares  pool  in  (t,t+v]  when  we 
know  a  unit  entered  the  pipeline  at  t+.  Assuming  FQ(t,t)  *  0,  (3.8) 
assures  us  that  W(t)  >  0  if  and  only  if  Xg(t)  >_80(t). 

Rearranging  (3.8)  we  have  that  Wq(0  >  w  >_  0  if  and  only  if 
XQ(t)  -  f(0,t)  >.SQ(t)  +  M+(t,t+w)  +  a(t,t+w)  +  f(t,t+v).  (3.9) 

Xq(0  -  f(0,t)  is  the  number  of  units  that  entered  the  depot  pipeline 
in  (O.tl  and  are  still  in  the  depot  pipeline  at  t+w.  These  units  are 
precisely  the  Type  1,  2,  3  and  4  demands  at  t+w  that  occurred  in  (0,t]. 
Using  (3.6),  we  have  that  Xg(t)  -  f(0,t)  has  a  Poisson  distribution 
with  mean 

t 

/  XQ (s)  [1~Fq(s ,t+v) ]  ds. 

Furthermore,  since  f(0,t)  is  the  number  of  Type  3  demands  at  t+w  that 
occurred  in  (0,t],  Xq(0  -  f(0,t)  is  independent  of  f(0,t).  Using 
Assumptions  2  through  6  and  the  fact  that  a  NHPP  has  independent  increments, 
it  is  easy  to  show  that  Xq(0  -  f(0,t)  is  independent  of  s(t,t+w)  and 
f (t ,t+w) . 

a(t,t+w)  is  a  Bernoulli  random  variable  with  mean  FQ(t,t+v) 
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and  by  Assumptions  2  through  6  is  independent  of  f(t,t+w).  f(t,t+w)  is 

precisely  the  number  of  Type  5  demands  at  t+w  that  occurred  in  (t,t+wl. 

Therefore,  from  (3.6),  f(t,t+v)  has  a  Poisson  distribution  with  mean 

t+v 

/  Xq(s)  Fq(s ,t+v)  ds 

and  f(t,t+v)  is  independent  of  Xg(t)  *nd  XQ(t+w). 

Since  Sg(t)  and  M+(t,t+w)  are  management  parameters,  all  of  the 
random  variables  in  (3.9)  have  been  identified  and  stochastically 
described.  It  is  now  a  straightforward  but  tedious  task  to  use  (3.9) 
to  calculate  the  probability  distribution  and  expected  value  of  Wg(t). 
Figure  2  illustrates  the  behavior  of  the  distribution  of  Wg(t)  for 
various  values  of  8q(0.  In  constructing  Figure  2  we  assumed  that: 
XQ(0)  -  0 

M+(t,t+w)  ■  0  for  all  w  >,  0 
t  -  30 

^j(s)  *  4  sin^  *8  for  s  >_  0 
F0(s,y)  ■  1  if  y  >_ s  +  25  and  0  otherwise. 


Origination  Time  of  Oldest  Backorder 


i  The  origination  time  of  a  base's  resupply  request  on  the 

1 

I 

*  depot  is  defined  as  the  time  at  which  the  base  officially  requested 

* 

* 

;  depot  resupply  by  sending  a  failed  unit  to  the  depot.  Let  Yg(t)  be  the 

origination  time  of  the  first  base  resupply  request  that  will  be  satisfied 
after  time  t  >  0.  Yg(t)  >  t  if  and  only  if  Bg(t)  ■  0.  If  Bg(t)  ■  n  >  0 
and  0  <  tj ,  t2»...»  tQ  <.  t  are  the  origination  times  of  the  n  resupply 
requests  backordered  at  t,  then  Yp(t)  ■  min  (tj,  t£,  ....  tn>.  t-YQ(t) 
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is  the  length  of  time  during  which  the  bases  requested  but  were  unable 
to  receive  resupply  from  the  depot  by  t .  In  this  sense,  t-Yg(t)  is  a 
measure  of  the  ability  of  the  depot  to  perform  its  supply  mission. 
Intuitively,  we  expect  that  as  Sp(t)  increases  (decreases),  t-YQ(t) 
decreases  (increases)  and  more  (less)  base  resupply  requests  can  be 
satisfied  by  the  depot  by  t.  Therefore,  t-Y(j(t)  is  a  measure  of  inventory 
effectiveness  at  the  depot  that  is  of  interest  to  managers  and  strategic 
planners  especially  when  t  is  set  to  the  length  of  the  scenario  (HZ). 
In  fact,  it  is  quite  plausible  for  management  to  consider  alternate 
resupply  sources  for  the  bases  whenever  HZ-E[Yq(HZ)]  (or  possibly  HZ  - 
some  percentile  of  Yq(HZ))  is  alarmingly  high.  In  this  section  we 
derive  the  distribution  of  Yp(t)  for  any  t  >  0. 

For  the  remainder  of  this  dissertation,  we  shall  for  convenience 
use  Pr(Y  *  y)  to  represent  both  the  probability  that  a  continuous 
random  variable  Y  is  in  the  interval  ty,y+dy]  and  the  probability  density 
function  of  Y.  It  will  be  clear  from  the  context  which  meaning  to  assign. 

By  the  Law  of  Total  Probability  we  have  for  y  <_  t  that 
00  00 

Pr(Y0(t)«y)  =  l  l  Pr(Y0(t)-y,  BQ(t)-h,  NQ(t)-k) 

h*l  k*Sg(t)+h 

where  Nq(0  is  the  number  of  base  resupply  requests  placed  on  the  depot 

in  (0,tl.  Let  T(n)  be  the  time  of  the  n*"*1  demand  on  the  depot,  n  * 

1,2,....  The  event  (Yq( t)*y ,Bq( t)“h,NQ( t)*k)  occurs  if  and  only  if  the 

event  (T(k-h+l )-y,BQ(t)*h,NQ(t)-k)  occurs  (see  Figure  3). 

k-h  demands  h-1  demands 


Yo(t>  ■  y  t 

Figure  3:  The  event  (YQ(t)-y,  BQ(t)=h,  NQ(t)-k) 
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I 

I  Therefore, 


Pr(YQ(t)-y) 


00  00 

l  l  Pr(T(k-h+l)  -  y,  B  (t)-h,  NQ(t)-k) 

h*l  k"SQ(t)+h 


l  l  {Pr (B. (t)“h | T (k-h+1)  -  y,  N  (t)«k) 

h«l  k-s^CtJ+h  J 

•  Pr(T(k-h+l)-y|N0(t)-k)  Pr (NQ(t)«k) ) . (3.10) 


From  the  analysis  leading  to  (3.1)  ve  know  that  Nq(0  has  a 
Poisson  distribution  with  mean  mgCt).  From  P5.  ve  have  that 


Pr(T(k-h+l)-y|N0(t)-k)  = 

kl  ,mO(y),k-h  mO(y\h-l  fX0(y>  .  (3.11) 

(k-h) !  (h-1) !  VQ(t);  ^  m0 (t) '  \(0' 

The  event  (BQ(t)“h  j  T(k-h+l)*y,NQ(t)**k)  occurs  if  and  only 
if  there  are  SQ(t)  +  h  units  remaining  in  the  depot  pipeline  at  t  when 
h-1  units  entered  the  pipeline  in  (y,t],  one  unit  entered  at  y,  and  k-h 
units  entered  in  (0,yl.  Let  L(n,t j ,t2 ,tj)  <  t  be  the  number  of  units, 
out  of  the  n  unit6  that  entered  the  pipeline  in  (tj^l,  that  remain  in 
the  pipeline  at  t3.  The  number  of  units  that  enter  the  pipeline  forms 
a  NHPP  and  the  time6  different  units  spend  in  the  pipeline  are  mutually 
statistically  independent.  Hence,  it  follows  from  P3  that  L(n,tj , 1 2 * ^3 ) 
is  a  Binomial  random  variable  with  parameters  n  and  b(tpt2,tj)  ■ 
probability  that  a  unit  that  entered  the  pipeline  in  ( t ^ , 1 2 1  is  still 
in  the  pipeline  at  t3.  Using  P2.  and  (A. 2)  ve  have  that 


l0(s) 


b(trt2,t3)  -  J  Il-F0(s,t3)] 


ds. 


(3.12) 


Recalling  the  definition  of  a(y,t)  from  the  previous  section, 
we  then  have  that 


-a 
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Pr(Bg(t)  =  h | T (k-h+1)  »  y,  NQ(t)  =  k) 

=  Pr[L(k-h,0,y,t)  +  Il-a(y.t)]  +  L(h-l,y,t,t)  =  sQ(t)+h] 

5  Pr(H(k-h,y,h-l,t)  ■  sQ(t)  +  h) .  (3.13) 

In  (3.13)  we  have  defined  H(k-h,y,h-l,t)  as  the  number  of  units  that 
are  still  in  the  depot  pipeline  at  t  given  that  k-h  units  entered  in  (0,y], 
one  unit  entered  at  y  and  h-1  units  entered  in  (y,tl.  Combining  the 
above  into  (3.10)  we  have  that 

Pr(Y  (t)-y)  =  l  l  {e  °(  m0(y)  [mQ(t)-m0(y) ]h  x  (y) 

u  h«l  k«sQ(t)+h  (k-h)!  (h-1)! 

•  Pr[H(k-h,y,h-l,t)  =  sQ(t)4h]}.  (3.14) 

In  order  to  show  that  (3.14)  defines  a  true  probability 
distribution  we  need  to  use  Theorem  3.1  below.  Let  p[x;u]  *=  e-u  ux/x!  be 
the  probability  a  Poisson  random  variable  with  mean  u  i6  equal  to  x. 

Theorem  3.1:  For  h  >  1,  k  >.  SQ(t)  +  h  and  -  (h-1)  <  n  <  k  -  h, 
t 

/  { p [ k-h-n ; mQ (y ) )  p[h-l+n;m0(t)-m0(y) ] XQ(y) 

Pr[H(k-h-n,y,h-l+n,t)  ■  sQ(t)  +h]}  dy 
-  Pr(B0(t)-h,N0(t)-k). 

Proof:  For  convenience,  let  Q(6Q(t)+h)  be  the  integral  on  the  left 
side  of  the  equation  in  Theorem  3.1.  Since  H(k-h-n,y,h-l+n,t)  <  k  we 
have  that  the  generating  function  of  Q(j)  is 

^  ^  p[k-h-n;mQ(t)3  p[h-l+n;m0(t)-m0(y)]x0(y)H*(z)  dy 

where  H*(z)  is  the  generating  function  of  H(k-h-n,y,h-l+n,t)  which  is  the 


sum  of  three  independent  random  variables:  a  Binomial  with  parameters 
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k-h-n  and  b(0,y,t);  a  Bernoulli  with  mean  l~FQ(y,t);  and  a  Binomial 
with  parameters  h-l+n  and  b(y,t,t).  After  some  rearrangement,  we  get 
that 

k  t  -mn(t) 

l  QU)*3  -  /  {e  [l-(l-z)(l-F  (y,t))J  X  (y)dy 

j-0  0  00 

lm. (y) (1- (l-z)b (0 ,y , t) ) ]k~h"n  [ (m. (t)-m. (y) ) (1- (l-z)b (y , t , t) ) ]h“1+T1 

•— — (S^rn -  — —  -  >' 

Let  I(k-h-n,  h-l+n)  be  the  integral  on  the  right  side  of  the  equation 
above.  Since 

~  {m0(y)[l-b(0,y,t)(l-z)3  -  XQ(y)  { l-(l-z) [l-FQ(y ,t) ] } 

{tm0(t)-m0(y)][l-b(y,t,t)(l-z)]}  -  -  ~  {mQ(y) [l-b(0,y,t) (1-z) ] } 

we  can  integrate  I(k-h-n , h-l+n)  by  parts  to  get 

I (k-h-n, h-l+n)  *  l(k-n+l,h-2+n) 

+{ e_m0 ( C  5 (m0 (y ) [ 1-b (0 , y , t ) ( 1- z ) ] ) k'h+1'n 
(k-h+l-n) ! 

.  ([m0(t)-m0(y)3[l-b(y,t,t)(l-z)])h'1+n> 

(h-l+n)! 

Evaluating  at  y  *  0  and  y  “  t  yields  that 

I (k-h-n, h-l+n)  “  I(k-h-n+l ,h-2+n) . 

Continuing,  we  find  that  I(k-h-n , h-l+n)  ■  I(k-1,0)  which  is  equal  to 

t  -m  (t)  [mf.(t)(l-b(0,y,t)(l-z))]k"1 

/  e  U  X0(y)[l-(l-z)(1-Fo(y,t))]— £ - yrjy; -  dy 

*  p[k;m0(t)][l-b(0,t,t)(l-z)]k.  (3.15) 


Thus,  the  generating  function  of  Q(j)  is  equal  to  a  constant  times  the 
generating  function  of  a  Binomial  random  variable  with  parameters  k  and 
b(0,t,t).  Equating  coefficients  of  ve  have  that 


k  sn(t)+h  k-s. (t)-h 

Q(s_(t)+h)  -  p[k;mn(t)]  (  )  b(0,t,t)  u  [l-b(0,t,t)J  u 

°  sQ(t)+h 

-  Pr(NQ(t)-k)  Pr(L(k,0,t,t)  -  s0(t)-Hi).  (3.16) 

But  L(k,0,t,t)  -  8q( t)  +  h  if  and  only  if  (X0(t)-8Q(t)+h|  NQ(t)-k) 
which  occurs  if  and  only  if  (B0(t)-h|N0(t)-k)  [See  (2.2)].  Using  this 
in  (3.16)  establishes  Theorem  3.1.  // 

Theorem  3.1  effectively  conditions  the  event  (BQ(t)-h,NQ(t)-k) 
on  T(k-h+l-n).  When  n  *  k  -  h  we  are  conditioning  on  T(l)  so  there  must 
have  been  k-1  demands  in  (T(l),tl  and  H(0,T(1) ,k-l,t)  ■  sQ(t)  +  h.  When 
n  -  -(h-1)  we  are  conditioning  on  T(k)  so  that  H(k-1  ,T(k)  ,0,t)  -  8Q( t)  +  h. 
Therefore,  Theorem  3.1  verifies  that  Pr(Bg(t)*h,  N(j(t)-k)  can  be  calculated 
by  conditioning  on  the  time  of  any  of  the  k  demands  that  occurred  in  ( 0 , t ]  . 

From  (3.14),  Theorem  3.1  (setting  n  -  0)  and  Fubini's  Theorem 
(since  the  summand  in  (3.14)  is  the  product  of  probability  terms,  all 
required  interchanges  are  justified)  we  have  that 

t  00  00 

/  Pr(Y  (t)«y)  -  l  l  Pr(B  (t)  -  h,  Nn(t)  =  k) 

0  u  h-1  k-s0(t)+h 

-  1  -  Pr(B0(t)  -  0).  (3.17) 

By  definition,  Pr(YQ(t)  >  t)  -  Pr(BQ(t)  -  0)  and  therefore  the  density 
of  Yq(0  integrates  to  1. 

Ex amp  1 e  3.2:  Consider  the  case  of  a  fixed  known  depot  pipeline  residence 
time  Rq,  so  that  for  all  s  >  0,  FQ(s,t)  -  1  if  s  +  RQ  >^t  and  FQ(s,t)  -  0 
otherwise. 


I, 

(, 
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For  y  <  t  -  Rfl  and  all  n  >  0  «e  have  that  L(n,0,y,t)  ■  0  and 


that  l-a(y,t)  ■  0.  Therefore,  for  all  SQ(t),  h  >_  1  and  k  >.  eft(t)  +  h 


ve  have  that 


Pr(H(k-h,y,h-l ,t)  *  s0(t)+h)  ■ vPr(L(h-l ,y,t ,t)  ■  s0(t)+h)  *  0 


and  from  (3.14)  ve  then  have  that  Pr(Yg(t)  <_  t  -  Rq)  ■  0. 


For  t  -  Rq  <  y  <_  t  we  have  that  1  -  a(y,t)  “  1  and  L(h-l,y,t,t) 


h  -  1.  Therefore,  for  k  -  h  >  0 


Pr (H (k-h , y , h-1 , t )  -  sQ(t)+h)  -  Pr (L(k-h,0,y ,t)  -  8Q(t)) 


-  Pr(N0(y)-N0(t-R0)-s0(t)(N0(y)=k-h) 


k‘h  *0<y)  -  .0(t-R0)  s0(t)  »0(t-R0)  k-h-so(t> 

lsrt(t)J  1  J  1  mn(y)  J 


from  P4  or  (3.12).  Inserting  this  in  (3.14)  yields,  after  some  re¬ 


arrangement  and  cancellation, 


-m  (t)  [m  (y)  -  m  (t-R„)) 
Pr(Y0(t)-y)  -{•  AQ(y)  '  ~  sQ(t)!  ' 


s0(t) 


[mo(t)  “  ®0(y)] 


®0(t~V 


k-h-sQ(t) 


(h-1) ! 


k-sQ(t)+h  [k-h-sQ(t) ] ! 


p[sQ(t);  mQ(y)  -  m0(t-R0) ] XQ(y) . 


(3.18) 


(3.18)  is  precisely  the  probability  density  that  T(NQ(t-RQ)+8Q(t)+l) 


occurred  at  y.  (See  P14) .  A  little  thought  should  reveal  that  if 


Bg(t)  >  0  then  the  origination  time  of  the  first  demand  satisfied  after 


t  is  precisely  the  time  of  the  s0(t)  +  1st  demand  after  t  -  Rq. 


For  t  >  0,  let  Z0(t)  ■  T(Nn[Y0(t) )-l)  be  the  origination  time 


of  the  las t  base  resupply  request  that  the  depot  satisfies  by  t. 


( 20( t )  *  0  implies  that  the  depot  has  not  satisfied  any  base  resupply 


s 


requests  in  (0,tl).  t  -  Zq(0  is  an  alternate  measure  of  performance 
[related  to  t-YgCt)]  that  management  can  use  to  gauge  the  ability  of 
the  depot  to  perform  its  supply  mission.  Using  arguments  similar  to 
those  used  to  obtain  (3.14),  we  can  obtain  the  density  of  Zq(0,  t  >.0. 

Summary 

In  this  chapter  we  obtained  the  time  dependent  distributions 
of  XgCt),  Wq ( t )  and  Yp(t).  All  of  these  distributions  are  useful  tools 
for  evaluating  inventory  performance  at  the  depot  when  viewing  the 
depot  as  a  single  location  inventory  system.  However,  for  the  purposes 
of  this  dissertation,  our  interest  in  the  depot  as  an  inventory  system 
unto  itself  is  limited.  Rather,  we  are  primarily  concerned  with  the 
impact  of  inventory  decisions  at  the  depot  on  inventory  performance 
and  customer  satisfaction  at  the  bases.  In  Chapter  IV  we  shall  use  the 
arguments  and  results  developed  in  this  chapter  to  explicitly  examine 
and  define  the  supply  interactions  between  the  depot  and  bases. 


Next  page  is  blank. 


CHAPTER  IV 


BASE  CHARACTERISTICS 


From  (2.2)  we  see  that  increasing  8q(0  reduces  the  number  of 
base  resupply  requests  backordered  at  the  depot  at  t.  As  BQ(t)  decreases, 
we  intuitively  expect  that  inventory  performance  and  customer  satisfaction 
at  the  bases  increase.  Therefore,  stock  at  the  depot  ha6  a  definite 
impact  on  inventory  performance  at  the  bases.  In  this  chapter  we  precisely 
define  this  impact  by  deriving  the  time  dependent  probability  distributions 
of  the  bases'  pipelines  as  functions  of  the  depot's  asset  level.  He 
shall  also  study  other  important  stochastic  processes  arising  at  the  bases. 

Demand  at  the  Bases 

Upon  completion  of  the  diagnostic  procedures  at  base^,  a 
failed  unit  is  either  condemned  as  irreparable,  sent  to  the  base^ 
repair  facility,  or  sent  to  the  depot  for  further  diagnosis  and  action. 
The  decision  on  each  unit  is  made  independently  of  the  decisions  on 
other  units.  In  the  first  section  of  Chapter  III  we  used  these  facts, 
along  with  the  Splitting  Property,  P10.  to  show  that  the  number  of 
resupply  requests  placed  on  the  depot  by  base^  forms  a  NHPP  with  MVF 
A^( t)  [given  by  (3.1)]  and  intensity  a^(t),  i  ■  1,...,N.  Similarly,  it 
is  straightforward  to  show  that  the  number  of  units  that  enter  the 


base  repair  facility  forms  a  NHFP  with  MVF 


t  t 

/  *.,(s)  /  dG. (s ,y)Pp (s ,y)ds 
0  1  s  1  R 

where  P^(s,y)  is  the  probability  that  a  unit  that  failed  at  time  s  >  0 

and  completed  diagnosis  it  y  >  i  vas  be  sent  to  the  base^  repair  facility. 

Furthermore,  the  number  of  base^  condemnations  forms  a  NHPP  with  MVF 

t  t  . 

/  X1(s)  /  dG  (s,y)[l-P  (s,y)-PR(s,y)]ds. 

0  s 

As  a  further  consequence  of  P10 .  these  three  NHPP  are  mutually  statistically 
independent . 


Base  Asset  Position 

Because  of  the  one-for-one  resupply  policy,  the  base^  asset 
position,  analogously  to  the  depot  asset  position,  changes  over  time 
only  through  management  directive.  Many  of  the  comments  in  Chapter  III 
regarding  the  depot  asset  position  apply  to  the  base^  asset  position  as 
well.  In  particular,  for  ease  of  exposition,  we  assume  that  management 
decisions  to  change  s^Ct),  the  base^  asset  position  at  t  >_0,  are  made 
at  the  beginning  of  the  horizon.  We  also  assume  these  decisions  do  not 
depend  upon  the  system  condition  at  any  times  in  (0,tl  or  upon  the 
base^  demand  process  in  (0,t].  Therefore,  the  delivery  of  serviceable 
units  to  the  base^  spares  pool  in  order  to  increase  based's  net  inventory 
yields  no  information  on  the  system  condition  at  any  time  in  (0,t]  or 
on  the  base^  demand  process.  Vithout  this  assumption,  our  analyses  would 
have  to  contain  tedious  arguments  conditioning  on  any  relevant  information 
obtained  at  scheduled  management  intervention  times. 
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Decisions  to  increase  X^(t)  by  placing  an  unserviceable  asset 
in  the  base^  pipeline  without  a  corresponding  customer  demand  for  a 
serviceable  unit  result  in  a  non-coutinuous  MVF  for  the  NHPP  describing 
the  number  of  units  that  enter  the  components  of  the  base^  pipeline. 
Decisions  to  decrease  X^(t)  by  a  "management  demand"  result  in  a  non- 
continuous  MVF  for  the  NHPP  describing  the  demand  at  base^.  For  ease  of 
exposition,  the  subsequent  analyses  assume  continuous  MVF.  The  methods 
of  Cinlar  (1975)  for  non-continuous  MVF  can  be  applied  to  extend  the 
analyses.  Furthermore,  for  reasons  similar  to  those  given  in  the 
second  section  of  Chapter  III,  the  analyses  in  this  chapter  do  not 
consider  management  directives  to  discard  units  already  in  the  base^ 
pipeline  or  to  cancel  a  depot  backorder  due-out  ("belonging")  to  base^. 

Base  Pipeline 

X^( t)  consists  of  units  that  are  still  in  the  base^  pipeline 
at  t  and  either  were  in  the  base^  pipeline  at  0  or  entered  the  base^ 
pipeline  in  (0,tl.  Because  of  our  assumptions  these  two  components  of 
X£(t)  are  statistically  independent  so  X^(t)  can  be  found  by  the  convolution 
of  tvo  random  variables.  The  first  random  variable  can  be  calculated 
directly  from  knowledge  of  the  initial  system  condition  and  of  the 
behavior  of  the  PO.  For  ease  of  exposition  we  shall,  as  in  Chapter  III, 
assume  that  X ^ ( 0)  ■  0,  j  *  0,1,..., N.  We  concentrate  here  on  the 

stochastic  description  of  the  component  of  X^(t),  i  ■  1 . N,  arising 

from  failures  at  bsse^  in  ( 0 , t 1 . 

Recall  from  Chapter  II  that 

X£(t)  -  D^( t)  +  Rt(t)  +  E£(t)  +  DE£(t). 


(4.1) 


From  the  Arguments  in  the  first  section  of  Chapter  III,  ve  know  that 

D^(t)  has  a  Poisson  distribution  vith  mean 

t 

/  X  (a)  [1-G  (s,t)]ds. 

0  1  1 

Ve  also  know  from  Chapter  III  that  D^(t)  is  statistically  independent 
of  the  number  of  units  that  completed  diagnosis  in  (0,t].  Hence,  D^(t) 
is  independent  of  R^t),  E^(t)  and  DE^(t).  In  the  first  section  of  this 
chapter  ve  shoved  that  the  output  of  the  diagnostic  facility  in  (0,t] 
is  split  into  three  independent  NHPP.  R^(t)  is  a  function  of  the 
number  of  units  entering  the  repair  facility.  E^Ct)  is  a  function  of 
the  number  of  condemnations  vhile  DE^(t)  is  a  function  of  the  number  of 
units  sent  to  the  depot.  Therefore,  R^t),  E^t)  and  DEi(t)  are  mutually 
independent  and  hence,  all  the  random  variables  on  the  right  in  (4.1) 
are  mutually  statistically  independent. 

Let  r£(6,tj,t2)  be  the  probability  that  a  unit  which  failed 
at  s  >  0  and  was  sent  to  the  base^  repair  facility  at  tj  >  s  has  left 
the  base^  repair  facility  by  t2  >.  tj.  By  Assumptions  2  through  6  the 
base^  repair  facility  act6  as  an  M(t)/G(t)/ <*>  queue  with  service  time 
distribution  r£(s,tj,t2).  Therefore ,  R^( t ) ,  the  number  of  busy  "servers”, 

has  a  Poisson  distribution  with  mean 
t  t 

/  X^s)  /  dG1(s,y)  P*(s,y)  [l-r.(s,y,t)]ds. 

0  s 

Let  e^(s,tj,t2)  be  the  probability  that  a  serviceable  unit 
has  arrived  from  the  external  supplier  by  t2  in  response  to  a  condemnation 
at  tj  <  t£  of  a  unit  that  failed  at  0  <  s  <.tj.  Since  the  external  supplier 
has  infinite  stock  and  order  and  ship  times  are  independent,  the  external 
supplier  functions  as  an  M( t)/G( t)/ “queue  with  service  time  distribution 
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ei^s'cl't2^’  therefore,  E^(t)  has  a  Poisson  distribution  with  mean 

t  t  t 

/  A  (s )/  dG  (s,y)[l-Pi(s,y)-PR(s,y)][l-ei(s,y,t)]ds. 

0  1  s 

Until  now,  the  analysis  of  the  components  of  X^(t)  has  been 
similar  to  the  analysis  for  the  corresponding  components  of  Xg(t).  DE^Ct) 
is  the  unique  component  of  the  base^  pipeline  through  which  the  supply 
interactions  of  the  depot  and  base^  manifest  themselves. 

Unless  either  the  depot  asset  level  is  infinite  or  Fg(t,t)  “  1 
for  all  t  >  0,  ve  see  from  (3.8)  that  there  is  a  positive  probability  that 
there  will  be  a  delay  before  the  depot  sends  a  serviceable  unit  in 
response  to  a  base^  resupply  request.  Since  the  depot  satisfies  base 
resupply  requests  in  a  FCFS  manner,  Wg(t)  and  Wq( t+y) ,  y  >_  0,  are 
generally  not  statistically  independent.  In  fact,  Wg(t+y)  >_WQ(t)  -  y 
so  that  for  smaller  y  there  will  tend  to  be  more  correlation  between 
Wq( t )  and  Wg(t+y)  than  for  larger  values  of  y.  Therefore,  if  base^ 
submits  two  resupply  requests  to  the  depot,  there  may  be  some  correlation 
in  the  times  spent  in  the  base^  pipeline  by  the  failed  units  that 
accompanied  these  resupply  requests.  An  analysis  based  upon  P10  or, 
equivalently,  upon  treating  the  depot  resupply  process  as  an  M(t)/G(t)/°° 
queue  is  therefore  not  appropriate. 

DE^(t)  has  two  components:  ERj(t),  the  number  of  serviceable 
units  en  route  at  t  from  the  depot  to  base^;  and  Q^Ct),  the  number  of 
depot  backorders  outstanding  at  t  that  belong  to  base^.  Define 

T(n)  ■  origination  time  of  the  n**1  demand  on  the 

depot ,  n  ■  1,2,...; 

I^(n)  ■  1  if  the  n**1  demand  on  the  depot  wa6  from 

base^  and  0  otherwise,  n  *  1,2,...; 
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Hf 


J 


8 


>> 


IS^n.t) 


1  if  T(n)  <_t,  I^(n)  “  1  and  the  depot  has 
sent  a  serviceable  unit  by  t  vbich  is  still 
en  route  to  base^  at  t.  IS^(n,t)  ■  0 
otherwise. 


Then, 


ER  (t)  -  l 
n-1 


N0(t)-B0(t) 


IS1(n,t) 


(4.2) 


N0(t) 


Qt(t) 


n-N0(t)-B0(t)+l 


I^n) 


(4.3) 


and  from  P7 . 


E[Ii(n)  |T(n)]  -  a^Tfa)  ]/yT(n)  ]  h  ^[Kn)].  (4. A) 

From  (4.3)  we  see  that  Q^(t)  is  a  function  of  Bq(0  which, 
from  (2.2),  is  a  function  of  8g(t).  Theorem  4.2  guarantees  that  increasing 
SQ(t)  will  stochastically  reduce  Qj,(t). 

Definition  4.1;  (Lehmann  [1959]).  A  random  variable  Q  (or,  equivalently, 
the  distribution  of  Q)  is  stochastically  decreasing 
(increasing)  with  respect  to  a  parameter  p  if  for 

Pi  1.P2  an<i  9  > 

Pr(Q[pj]  >_q)  >.  (<)  Pr(Q[p2l  >_q). 

Theorem  4.2:  For  all  t  >  0,  Q^(t)  is  stochastically  decreasing  with 
respect  to  SQ(t). 

Proof :  0  <_  It; sQ( t )  ]  <  [  t ; sq( t >— 1  ]  since  the  extra  depot  asset  may 

reduce  the  number  of  depot  backorders  belonging  to  base^.  The  theorem 
now  follows  straightforwardly.  // 


From  (4.2)  we  see  that  ER.-(t)  is  also  a  function  of  sn(t). 


-1 . . J0V 

However,  ER^t)  also  depends  upon  the  (time-dependent)  distribution  of 


the  depot  to  base^  order  and  ship  times.  One  can  construct  cases  where 
at  tj,  ER^tj)  is  stochastically  increasing  with  respect  to  SQ(t^);  at 
t2  i4  tl»  »i<t2>  i*  stochastically  decreasing  with  respect  to  SQ(t2); 
and  at  13,  tj  j*  t3  i  t2,  ER^t^)  is  neither  stochastically  increasing  or 
decreasing  with  respect  to  89^3).  Corollary  4.3  is  the  only  general 
statement  we  can  make. 

Corollary  4.3:  Let  {N?(t),t>0}  be  the  NHPP  describing  base^  resupply 
requests  placed  on  the  depot.  Then,  for  all  t  >  0, 
[N?(t)  -  Q±(t)l ,  the  number  of  base^  resupply  requests 
the  depot  has  satisfied  by  time  t,  is  stochastically 
increasing  with  respect  to  bq(0. 

Proof ;  Since  N®(t)  does  not  depend  on  s0(t),  the  corollary  follows 
directly  from  Theorem  4.2.  // 

In  general,  I^(n)  may  provide  information  on  T(n)  and  since 
the  T(n),  n-1,2,...,  are  not  independent,  we  see  from  (4.4)  that  the 
I^Cn) ,  n  «  1,2,...,  are  usually  not  independent.  Similarly,  for  t  >  0, 
the  IS^(n,t),  n  -  1,2,...,  are  generally  not  independent.  Furthermore, 
B0(t)  is  generally  not  independent  of  the  I^n)  or  IS^(n,t).  As  we 
shall  see,  the  above  facts  lead  to  complex  expressions  for  the  distributions 
of  Q^(t)  and  ER^(t).  Before  examining  the  general  case  we  shall  therefore 
study  two  special  cases  which  arise  frequently  in  practice  and  for 
which  tractable  expressions  can  be  obtained. 


Proportionate  Bases*  Ownership  of  Depot  Backorders 

Base^  is  ssid  to  be  a  proportionate  base  with  parameter  c^  if 
there  exists  a  constant  0  <_c^  5L  ^  such  that  for  all  t  >.  0,  c^  *  c^(t). 
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The  "proportionate  base  case"  arises  frequently  when  scenarios  call  for 

the  deployment  of  "identical"  bases  or  for  the  demand  intensity  at  each 

base  to  vary  over  time  by  the  same  multiplicative  factor  (O.S.  Army 

[1983]).  From  (4.4),  for  n  *  1,2,...  we  now  have  that 

Pr(l£(n)  ■  1)  ■  C£  (4.5) 

regardless  of  T(n).  Since  in  the  proportionate  case  base  I^(n)  does  not 

provide  information  on  T(n),  Bg(t)  is  independent  of  the  I^n),  n»l,2 . 

Furthermore,  the  I^(n) ,  n«l ,2, . . . ,  are  themselves  independent,  identically 

distributed  Bernoulli  random  variables  with  mean  c^.  From  (4.3)  we 

have  that  Q^(t)  is  the  sum  of  Bg(t)  of  these  i.i.d.  random  variables. 

Using  (2.2),  (3.6)  and  (4.5)  we  therefore  have  that 
**  00 

Pr(Q1(t)-q)  -  l  Pr(Q1(t)-q|B0(t)-n)Pr(B  (t)-n) 
n*q 

-  Pr(XQ(t)  <  s0(t))60(q)  (4.6) 

00 

+  £  O (ci)q(1_ci>n  qp[sQ(t)+n;  E[XQ(t) ] ] 

n*q  ^ 

where  6p(q)  is  1  or  0  according  to  whether  q  *  0  or  q  >  0.  Clearly, 

00  00 

l  Pr(Q1(t)-q)  -  Pr(X0(t)<s0(t))  +  l  p[sQ(t)+n;  E[XQ(t)]]  =  1; 
q-0  n“0 

E[Q1(t)]  -  c1E[B0(t)]; 

VAR[Qi(t)]  -  (l-c1)E[Qi(t) ]  +  VAR[BQ(t)]; 

(4.7) 

VMR[Qi(t)]  -  (1-Cl)  +  CiVMR[B0(t)]  • 

Let  B(n,C£,q)  be  the  probability  that  a  Binomial  (n,C£) 
random  variable  is  greater  than  or  equal  to  q.  For  q  >  0, 
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Pr(Q1(t)  >_  qjs0(t)-80+l)  -  Pr(Q1(t)>q|80(t)-80) 

00 

-  I  B(n,ci,q){p[s0+l+n;  E[XQ(t)]]  -  p[8Q+n;  EtXQ(t)]]} 
n»q 

an 

-  lU  B(n,ci,q)  {p[s0+l+n;  E[XQ(t)]]  -  p[sQ+n;  E[XQ(t)]]} 
n-q 

+  l  B(n,c1,q){p[s.+l+n;  E[X  (t)]]  -  p[s0+n;  E[XQ(t)]]} 
n“a0+1 

where  a0  -  maxlq,  INT(E[Xq( t) ] )  —  8q  —  1 ]  and  INT(X)  -  largest  integer 
leas  than  or  equal  to  X.  Since  B(n,C£(q)  is  increasing  in  n  and  the 
probability  mass  function  of  a  Poisson  random  variable  with  mean  u  is 
unimodal  with  a  peak  at  INT(u)  (and  at  u-1  if  u  is  an  integer),  the 
above  is 

<_  BCag.c^qXPrfXgCt)  >  SQ+l+q)  -  Pr(X0(t)  >_s0+q)}  <  0. 
Hence,  in  the  proportionate  base  case,  the  distribution  of  Q^(t)  given 
by  (4.6)  satisfies  Theorem  4.2. 


Ownership  of  Depot  Backorders  for  Fixed  Depot  Pipeline  Times 


We  now  replace  the  assumption  that  base^  is  a  proportionate 
base  with  the  assumption  of  a  fixed,  known  depot  pipeline  residence 
time,  Rq.  Therefore,  for  all  s  >  0,  FQ(s,t)  ■  1  if  s  +  Rq  >.t  and 
Fq ( s , t )  ■  0  otherwise.  This  is  a  common  assumption  found  in  many  of 
the  inventory  models  used  by  the  Army  (U.S.  Army  (1983)). 

Consider  first  the  case  where  SQ(t)  ■  0.  An  unserviceable 
unit  that  enters  the  depot  pipeline  at  y  >  0  will  leave  the  pipeline  at 
precisely  y  +  Rq.  Since  there  is  no  depot  stock  and  unit6  leave  the 
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pipeline  in  Che  same  order  that  they  entered,  the  n^  demand  on  the 

depot  will  be  satisfied  at  precisely  T(n)  +  Rq,  n*l,2 .  Furthermore, 

the  n^  demand  will  be  backordered  at  the  depot  for  the  entire  interval 

[T(n) ,T(n)+Rg) ,  n*l,2 .  Therefore,  a  base^  resupply  request  will  be 

backordered  at  the  depot  at  t  if  and  only  if  the  failed  unit  was  sent 
to  the  depot  in  (t-Rg,tl.  Hence, 

Pr(Q£(t)  ■  q)  ■  pfq;  A^t)  -  A£(t-RQ>]  (4.8) 

that  is,  Q^(t)  has  a  Poisson  distribution  with  mean  A^(t)  -  A£(t-Rg). 
In  this  case,  VMR(Q£(t))  ■  1. 

Now  assume  Sg(t)  >  0.  Xg(t)  consists  of  precisely  the  units 
sent  to  the  depot  in  (t-Rg,tl.  Hence,  T*(sg(t))  “KNqCc-Rq)  +  8q(c))  >  t 
if  and  only  if  Xg(t)  <  8q(c)  which,  from  (2.2),  implies  that  Bq(c)  ■  0 
and  hence  that  Q^(t)  *  0  .  All  Bg(t)  >  0  backorders  outstanding  at  the 
depot  at  t  must  have  resulted  from  resupply  requests  in  (T*( sq( t ) ) , t ] . 
Therefore,  for  q  >.0, 

Pr(Qi(t)-q)  -  Pr  (T*(sQ(t))>t)  60(q) 
t 

+  /  Pr(Q1(t)-q|T*(s0(t))-y)  Pr (T* (sQ (t) )-y)dy .  (4.9) 

Clearly,  Pr[T*(sQ(t))  >  tJ  *  PrlXg(t)  <  s q( t ) J  and  from  P14  we  have  for 
y  >_  t  -  Rq  that 

Pr(T*(sg(t))  -  y)  ■  pt  8q( t )  -  1;  mQ(y)  -  mQ( t-Rg) ] *g(y) .  (4.10) 

Since  T*(sg(t))  is  a  Markov  time  with  respect  to  the  depot  demand 
process  we  have,  for  t  -  Rg  <_  y  <,  t , 

Pr(Q£(t)  *  q  >.  0  |T*(sg(t))«y) 

■  Pr(q  base^  resupply  requests  in  (y,tl) 

■  plq;  A^t)  -  A^( y) ] . 


(4.11) 


Using  (4.10)  snd  (4.11)  in  (4.9)  we  obtain  Pr(Q^(t)  •  q  >_  0) . 


Note  that 


l  Pr(Q.(t)-q)  -  Pr(T  (sQ(t))>t) 
q-0 


+  /  {p[s0(t)-l;  m0(y)-m0(t-R0)]X0(y) 


*  l  P[q;  A  (t)  -  A. (y) ] )dy 
q-0 

where  the  interchange  of  integral  and  sum  is  justified  since  the  integrand 

in  (4.9)  is  positive.  Using  (4.10)  the  above  becomes 

*  c  * 

-  Pr (T  (s  (t))>t)  +  J  Pr (T  (s.(t))  -  y)dy 

t_R0 

-  Pr(T*(a0(t»  >  t-RQ)  -  1. 

From  (4.9),  (4.10)  and  (4.11) 
t 

E[Qi(t)]  -  /  {p[s0(t)-l;  m0(y)  -  Tn0(t-R0)]^0(y) 


I  qp[q;  A,(t)  -  A1(y)]}dy 
q-l 


(4.12) 


-  /  [A±(t)  -  Ai(y)]  p[sQ(t)-l;  m0(y)-m0(t-R0)]X0(y)dy 


E[Q2(t)]  -  /  {([Ai(t)-Ai(y)]2  +  [Ai(t)-Ai(y)])X0(y) 


p[sQ(t)-l;  m0(y)-m0(t-RQ)]}dy. 


(4.13) 


By  the  Cauchy-Schwarz  inequality,  VAR[Q£(t)]  >.  ElQ^t)]  and  hence, 
VMR[Qi(t)]  >1. 

Let 

ao(s0)  ■  minlt,  inf  {y  >.  t  -  R Q;  mg(y)  -  mQ(t-RQ)  >  Sq)1. 

For  q  >  0, 
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Pr(Q1(t)iq|s0(t)-s0+l)  -  Pr(Q1(t)>q|s()(t)-80) 

®o(so^ 

“  /  Up[80;n0(y)-m0(t-R0)]  -  p[8Q-l;  m0(y)-m0(t-R0)]) 

t_R0 

00 

*  I  pljj  A  (t)  -  A,(y)]X  (y)}dy 

J-q  10 

t 

+  /  {(pIs^mQtyJ-mQCt-RQ)]  -  p[8Q-l;  tUQ^-m^t-RQ)]) 

a0^80^ 

00 

*  I  plj;  a.  (t)-A.  (y)JXn(y)}dy. 

J-q 

p[s0;  mQ(y)  -  mgCt-Rp)]  -  ptsQ-l;  mQ(y)  -  ibq^-Rq)]  is  <  0  or  >.  0 
according  to  whether  y  <_ 8q(sq)  or  y  >  sq(sq).  Since  a  Poisson  random 
variable  is  stochastically  increasing  with  respect  to  its  mean,  the 

above  is 

00 

1  [  Plj;  A  (t)-A  (an(8  ))] 

J-q  1  100 

t 

*  /  P[SQ;  m0(y)-m0(t-R0)]  -  plSg-l;  m0(y)-m0(t~R0) ]XQ(y)  dy 
t_R0 

00 

“  l  p[j;  Ai(t)-A1(a0(s0))]{Pr(T*(s0+l)<t)  -  Pr(T*(sQ)<t)  <_ 0 

where  the  last  inequality  follows  from  the  definition  of  T*(sq).  In  a 
similar  manner  it  is  straightforward  to  use  (4.8)  and  (4.9)  to  show 
that  Pr(Q^(t)  >.  q  >  0)  decreases  when  Sg(t)  increases  from  0  to  1. 
Therefore,  the  given  distribution  of  Qj(t)  satisfies  Theorem  4.2. 
Example  4.4:  Let  a^(t)  ■  a^  for  all  t  >  0  so  that  the  number  of  base^ 
resupply  requests  placed  on  the  depot  forms  a  homogeneous  Poisson  Process. 
Furthermore,  let  XqU)  -  Xq  for  all  t  >.  0.  Then,  c^t)  *  c £  for  all 
t  >_  0  and  Xg(t)  has  a  Poisson  distribution  with  mean  XqRq,  For  SQ(t)  >_  1 , 
we  have  from  (4.9)  that 
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Pr(Q1(t)-0)  -  Pr(XQ(t)<80(t)) 


+  /  p[0;(t-y)a1]  p[sQ(t)-l;  (y-(t-RQ))*0]*0dy 


t-R, 


(4.14) 


k-sn(t) 


-  Pr(X0(t)<s0(t))  +  l  p[k;l0R0] (l-Cl)k"S0 


k“sQ(t) 

after  some  rearrangement  and  after  using  Property  16  (for  the  integral 
of  Poisson  probabilities)  in  Appendix  3  of  Hadley  and  Whitin  (1963). 
Note  the  correspondence  to  (4.6)  since  the  stationary  case  is  a  special 
case  of  the  proportionate  base  case.  From  (4.9), 

Pr(Q1(t)-q  0) 
t 

-  /  ptq; (t-y)a±]  p[sQ(t)-l; (y-(t-R0))X0]X0dy.  (4.15) 

t_R0 

Letting  z  ■  t  -  y,  rearranging  and  using  the  power  series  expansion  for 
the  exponential  terms,  (4.15)  becomes 


<yso(t) 


.ci  .V-VWR°  l  i(>o-»i)^k+q  %-z>so(t)-1 
W  0  k-o  kl  dz' 


For  0  <_  z  <_  Rq  the  summand  above  is  non-negative  and  by  Fubini's  Theorem 

we  can  interchange  the  order  of  integration  and  summation.  After 

integrating  by  parts  we  have  ..hat 

00 

Pr(Q1(t)-q)  -  l  p[s0(t)+k;X0R0)(R)(ci)q(l-ci)k-q.  (4.16) 

Again,  note  the  correspondence  with  (4.6)  for  the  proportionate  base  case. 

(4.14)  and  (4.16)  agree  with  the  results  of  Simon  (1971)  for 
the  stationary  esse.  These  formulae  involve  infinite  sums  so  in  actual 
computations  there  must  be  some  truncation.  Using  (4.15)  we  can, 
however,  develop  an  equivalent  of  (4.16)  that  contains  only  finite 
sums.  Note  that  after  some  rearrangement,  (4.14)  can  be  expressed 
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as  a  finite  sum  as 

“ai^0  1 

Pr(X0(t)<s0(t))  +  e  (1=^  [l-P[80(t)-l;(X0-ai)R0]]  (4.17) 


where  P[x;u]  is  the  cumulative  distribution  function  of  a  Poisson 
random  variable  with  mean  u.  Letting  z  ■  y  -  (t-Rg)  in  (4.15)  and 
rearranging  yields 


Pr(Qi(t)-q)  «  e 


”aiR0  <ai>4  i  a0(t)-1 

Jr  <V 


*  /  (R0_z^q  p[8Q(t)-l;  (XQ-ai)z]dz. 


Using  Property  20  (expressing  the  integral  above  as  a  finite  sum)  in 
Appendix  3  of  Hadley  and  Whitin  (1963)  the  above  becomes 


'*A 


s0(t) 


q! 


•  ? 


(-»k  <’> 


(R0)q~k(sQ(t)-l+k)! 
(s0(t)-l)!  (X0-ai)k 


[l-P[k+s0(t)-l;(X0-ai)R0]]. 

(4.18) 


(4.18)  looks  more  formidable  than  (4.16)  yet  (4.18)  can  be 
computed  more  quickly  than  (4.16)  [Kotkin  (1982)].  However,  one  must 
exercise  caution  in  using  (4.18)  because  of  problems  involving  numerical 
stability  and  accuracy  that  arise  from  operating  on  numbers  that  differ 
considerably  in  magnitude.  Kotkin  (1982)  examined  the  computational 
issues  involved  in  using  either  (4.17)  and  (4.18)  or  (4.14)  and  (4.16) 
to  determine  the  limiting  probability  distribution  of  Q^(t)  for  stationary 
systems.  He  also  used  the  Vandermonde  Convolution  (Riordan  [1971])  to 
directly  show  the  equivalence  of  the  two  sets  of  formulae. 

Example  4.5:  Let  base^  be  a  proportionate  base  with  parameter  c^. 
Then,  for  all  z  >.  0,  A^(z)  ■  C£1&q(z).  After  some  rearrangement  in 
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(4.9)  we  have  that 

Pr(Q^(t)*q)  *  Pr(Xp(t)<Sp(t))  $p(q)  ♦  Kj( Sp( t) ,q)K2(8p( t)-l ,q)  (4.20) 
where  for  j“0,l,2,...  and  q*0,l,2..., 

K^j.q)  “  exp[-c1(m0(t)-m0(t-R0))]  cJ/O.-c^4*1 

K2(j,q)  -  /  ^pIj;(l-ci)(m0(y)-m0(t-R0))](l-ci)>'0(y) 

t-RQ 

*  [ (l-c1) (m0(t)-m0(y))]q/q!  dy. 

Hote  from  P14  that  for  all  j,  K2(j.O)  is  simply  the  probability  that  in 
a  HHPP  with  MVF  (l-C£)mp(z),  z  >_0,  the  (j+l)st  event  after  t-Rp  occurred 
□o  later  than  t.  Therefore,  for  j  ■  0,1,2,.. 

*  1  “  P[i;(l-c^)(mQ(t)-mQ(t-RQ))] .  (4.21) 

It  is  now  straightforward  to  show  that  for  q  ■  0,  (4.20)  reduces  to  (4.6). 

By  induction  on  q  we  will  show  that  for  all  j  and  q 

CD 

K_ ( j , q)  -  I  p[n; (l-c±) (mQ(t)  -  m0(t-R0)) ] (n  ^  X) .  (4.22) 

n-j+l+q  4 

We  have  already  seen  that  (4.22)  holds  for  all  j  when  q  *  0.  Assume 

(4.22)  i6  true  for  all  j  when  q  *  m  -  1.  From  P14  we  note  that 

p[ j; (1-C£)(mp(y)~mp(t-Rp))]  ( 1— c^)  Ap(y)  (4.23) 

is  the  probability  density  that  in  a  NHPP  with  MVF  (l-c^m^z),  z  >.0, 
the  (j+l)st  event  after  t-Rp  occurred  at  y.  The  antiderivative  of 

(4.23)  is  thus  simply  the  probability  that  the  (j+l)st  event  after  t-Rp 

occurred  no  later  than  y.  Therefore,  integrating  X2(j,m)  by  parts  yields 

00 

K-(j,m)  -  l  K  (w,m-l) 
w-j+1 

since  the  interchange  of  integral  and  sum  is  clearly  justified.  Using 
the  induction  hypothesis  and  (4.22)  yields 


K2(j,m)  -  l  £  pin;  (1-c^  (m0(t)-m0(t-R0))J 

w«j+l  n*w+m  A  A 

and  the  result  nov  follows  by  interchanging  the  order  of  summation  and 

using  a  basic  combinatorial  identity. 

Using  (4.22)  in  (4.20)  establishes  that  for  q  >  0,  (4.20) 

reduces  to  (4.6)  in  the  proportionate  base  case. 


Ownershii 


Backorders  in  the  General  Case 


In  this  section  ve  remove  the  assumptions  of  the  previous  two 
sections  and  calculate  the  distribution  of  Q^(t),  t  >  0,  for  the  general 
case.  The  analysis  herein  is  complex  and  tedious  so  to  help  understand 
what  ve  must  do,  it  may  be  beneficial  to  first  understand  what  ve 
cannot  do  in  order  to  find  the  distribution  of  Q^(t),  t  >  0. 

One  approach  ve  might  try  would  be,  as  in  the  proportionate 
base  case,  to  apportion  to  the  bases  the  Bjj(t)  backorders  outstanding 
at  the  depot  at  t  based  on  the  ratios  A£(t)/mQ(t),  i*l ,2 , . . . ,N.  However, 
consider  the  two  base  case  at  t  *  2  where: 

m0(l)  -  1;  m0(2)  -  2;  F0(s,2)  -  0,  s  >  0; 
AjU)  -  1;  A2(l)  -  0;  Aj(2)  -  1;  A2(2)  -1. 

If  8q(2)  ■  10  and  Bq(2)  *  1,  there  is  a  better  than  even  chance  that 
the  backorder  belongs  to  base2  even  though  A^(2)/mQ(2)  ■  .5,  i  *  1,2. 

A  second  approach  might  be  to  claim,  as  we  did  in  the  previous 
section,  that  Qi(t)  -  N?(t)  -  v[(ZQ(t))  where  ZQ(t)  -  T(N0(Y0(t))  -  1) 
is  the  origination  time  of  the  last  base  resupply  request  satisfied  at 
the  depot  by  t.  In  the  case  of  a  fixed  depot  pipeline  residence  time, 
R0,  Zg(t)  *  minlT(N0(t)),T*(sQ(t))]  is  a  Markov  time  with  respect  to 
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the  depot  demand  process.  In  general,  however,  this  is  not  true  as 
Zq(0  depends  upon  demands  at  the  depot  in  (ZQ(t),tl  (See  Chapter  III. 
The  distribution  of  Zq(0  can  be  obtained  by  arguments  similar  to  those 
used  to  obtain  the  distribution  of  Yg(t).  Using  those  arguments  one 
clearly  sees  that  Yg(t)  and  Zg(t)  are  not,  in  general,  Harkov  times). 
Specifically,  Zq(0  generally  provides  information  on  whether  the  units 
sent  to  the  depot  in  (Zg(t),tl  are  still  in  the  pipeline  at  t  and 
thereby  also  provides  information  on  the  time  and  the  number  of  demands 
in  (Z0(t) ,t] . 

Certainly,  the  BqCO  depot  backorders  outstanding  at  t  were 
from  demands  in  (ZQ(t),t).  If  we  knew  Zq(0  and  if  for  each  of  the 

BqCO  demands  in  (ZQ(t),tl  we  knew  whether  the  failed  unit  that  accompanied 

the  demand  was  or  was  not  in  the  depot  pipeline  at  t,  we  could  use  P8 
to  find  the  probability  that  the  demand  was  from  base^.  This  is  the 
approach  we  will  take  in  this  section.  Before  proceeding  with  the 
details  we  need  some  additional  definitions  and  results. 

Fix  some  time  t  >  0  and  let  NP^(yj,y2)  be  the  number  of  units 

sent  to  the  depot  by  base^  in  (yj,y2l  that  are  still  in  the  depot 

pipeline  at  t.  From  arguments  similar  to  the  ones  used  in  Chapter  III 
we  can  show  that  {NP^O.y),  y  >_0)  is  a  NHPP  with  MVF 

y 

®Pi<0.y)  -  /  ajL(s)  [1-F0(s,t)]ds 
and  that  {NP0(0,y)  -  J  NPi(0,y),  y  >_ 0)  is  a  NHPP  with  MVF 

y 

mp0(0,y)  -  /  A0(s)[l-F0(s,t)]ds. 

Note  that  XQ(t)  -  NP0(0,t).  Similarly,  {NEi(0,y)-N^(y)-NPi(0,y) ,  y  >  0), 
the  stochastic  process  counting  the  number  of  units  sent  to  the  depot 


by  base^  that  have  left  the  depot  pipeline  by  t,  is  a  NHPP  with  MVF 


me1(0,y)  -  /  a1(8)F0(s,t)ds. 

Finally,  <NE0(0,y)  «  l  NE^O.y),  y  >.0)  is  a  NHPP  with  MVF 

y 

me0(0,y)  -  /  X0(s)F0(s,t)ds. 

By  the  Law  of  Total  Probability,  when  SQ(t)  >  0, 

PrCQ^O-qM))  -  Pr[X0(t)<s0(t)]  6Q(q) 

h  t 

+  l  l  l  I  a 

h-max(l.q)  k=sQ(t)+h  hp«max[0,h-(k-[s0(t)4h]) ]  0 
*  PrCQjCtJ-q.TCk-hJ-y.BottJ-h.NQCtJ-k.NPQCy.tJ-hpJJdy.  (4.24) 
When  Sg(t)  *  0  we  must  also  account  for  the  atom  arising  from  the  fact 
that  all  demands  at  the  depot  in  (0,t]  may  be  backordered  at  t.  Therefore, 
when  8q( t )  *  0, 

Pr(Qi(t)-q>0)  -  Pr[Xg(t)«0]  6Q(q) 

“  h 

+  l  l  Pr(Q.  (t)*q,T(0)*0,Bn(t)=!h,N  (t)=h,NP  (0,  t)=h  ) 

h«max(l,q)  hp-0  1  0  0  0  p 

00  00  h  t 

+  i  i  i  n  i 

h«max(l,q)  k*h+l  hp«inax[0,h-(k-h)  ]  0 

*  Pr(Qi(t)-q,T(k-h)-y,B0(t)-h,N0(t)-k,NP0(y,t)-hp)>dy.  (4.25) 

The  event  (EVj) 

(T(k-h)  -  y,  Bq( t)  -  h,  NQ( t)  -  k,  NPQ(y,t)  -  hp) 
occurs  if  and  only  if  the  event  (EV2) 

(T(k-h)  -  y,  NPg(0,y)  ■  8g(t)  +  h  -  hp,  NPg(y,t)  -  hp, 

NE0(0,y)  -  k  -  (s0(t)+h)  -  (h-hp),  NEQ(y,t)  -  h  -  hp> 
occurs.  Given  EV2,  the  demands  backordered  at  t  are  precisely  the  h 
demands  that  were  placed  on  the  depot  in  (y,t).  Therefore,  Q^(t)  *  q 
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if  and  only  if  q  of  these  h  demands  were  from  base^.  Hence, 
Pr(Qi(t)-qlEV2)  -  Fr(HP.(y,t)  +  NE^y.O-q  !eV2) 

-  PrCMP^y.t)  +  NEi(y,t)-q|NP0(y,t)  -  ,  NEQ(y ,t)«h-hp)  (4.26) 

where  the  last  equality  follows  from  the  fact  that  NHPP  have  independent 
increments. 

For  any  y  >_0,  P10  guarantees  that  NP^Cy.t)  is  independent  of 
NE^(y,t)  and  NEg(y,t).  Furthermore,  from  P8.,  [NP^(y,t)  |NPg(y  ,t)]  has  a 
Binomial  distribution  with  parameters  NPQ(y,t)  and 

cp^(t)  *  mp£(y,t)/mpQ(y,t) . 

NE^Cy.t)  is  independent  of  NPQ(y,t)  and,  from  P8.,  [NE^(y,t) lNEg(y,t)] 
has  a  Binomial  distribution  with  parameters  NEQ(y,t)  and 

ce^(t)  *  me^(y,t)/meg(y ,t) . 

(4.26)  can  now  be  obtained  from  the  convolution  of  two  independent 
Binomial  random  variables. 

All  that  remains  to  be  done  in  order  to  evaluate  (4.24)  and 
(4.25)  is  to  find  Pr[EVj ] («Pr[EV2] ) .  Recalling  the  notation  introduced 
in  the  last  two  sections  of  Chapter  III  we  have  that: 

(1)  For  k  >  h  (i.e.  8Q(t)>0): 

Pr(B0(t)  -  h|T(k-h)-y,N0(t)-k,NP0(y,t)-hp) 

*  Pr(out  of  the  k-h-1  demands  in  (0,y)  and  the 
demand  8t  y,  SQ(t)+h-hp  are  still  in  the  depot 
pipeline  at  t) 

*  Pr(l-a(y,t)+L(k-h-l ,0,y,t)«SQ(t)+h-hp) .  (4.27a) 

Note  that  for  0  <_hp  <  h  -  [k-(sg(t)+h)) ,  (4.27a)  is  zero. 
For  k  •  h  (i.e.  8g(t)*0):  T(0)  ■  0  by  definition.  Also, 

Pr(B0(t)-h  |T(0)-0,N0(t)-h,NP0(0,t)-hp) 
equals  1  if  h  ■  hp  and  0  otherwise.  (4.27b) 


(2)  For  y  >  0,  Pr(NP0(y,t)-hp | T(k-h)-y ,NQ( t)-k) 

-  Pr(NP0(y,t)-hp|N0(t)-N0(y)-h) 

-  Pr(L(h,y,t,t)-hp)  (4.28) 

.  ,1>  %  ,°'P0(y-t)  ,hD  me0(y’t)  ,h~hc 

hpn®0(t)_ino(y);  Cm0(t)-m0(y); 

(3)  For  k  >  h,  using  P8 . 

Pr(T(k-h)-y,N0(t)-k) 

•  XQ(y)plk-h-l  ;mg(y)l  p[h;mQ(t)-niQ(y)] .  (4.29a) 

For  k  -  h,  Pr(T(0)-0,N0(t)-h)  -  p[h;m()(t)].  (4.29b) 

For  k  >  h,  Pr(EVj)  is  given  by  the  product  of  (4.27a),  (4.28)  and 

(4.29a).  For  k  »  h,  Pr(EVj)  is  given  by  the  product  of  (4.27b),  (4.28) 
and  ( 4 . 29b ) . 

Therefore,  when  8g(t)  >  0, 

Pr(Qi(t)-q)  *  Pr[X0(t)<SQ(t)l  6g(q) 

00  00  h  t 

+  l  l  l  f  {1 

h-max(l,q)  k“s_(t)+h  h  «max[0,h-(k-[s  (t)+h])j  6 
Up  u 

*  PrlNPi(y,t)+NEi(y,t)  -  q|NP0(y,t)-hp,NE0(y,t)-h-hp] 

*  Pr[ l-a(y,t)+L(k-h-l ,0,y,t)“SQ(t)+h-hp] 

*  Pr[L(h,y,t,t)-hp] 

*  Ag(y)  plk-h-1 ;m0(y))  p[h;mQ(t)-mQ(y)] }dy.  (4.30) 

When  8q( t )  ■  0,  we  note  that 
00 

l  {Pr[NP1(0,t)-q|NP0(0,t)-h] 

h"max ( 1 , q ) 

•  Pr[L(h,0,t,t)-h]  p[h;mQ(t)]} 

-  e"m0(t)  ImPi(0»t) ]q 

ql 


,rfVo(0,t)-«PI(0.t)  .  5o(q)) 
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since  mg(t)  ■  meQ(0,t)  ♦  mpQ(O.t).  Therefore,  when  Sg(t)  ■  0, 

Pr(Q£(t)«q)  -  PrtX0(t)-0]  60(q) 

+  p 1 0 ;  meg(0,t)]  p [ q ;  mp^CO.t)]  -  dQ(q)e“mQ^ 

*  od  h  t 

+  l  l  l  H  i 

h-max(l.q)  k“h+l  h  «max[0,h-(k-h) ]  0 


*  PrtNPi(y,t)+NEi(y,t)  -  q  |NPQ(y  ,t)-hp  ,NE0(y,t)-h-tU 

*  Pr[l-a(y,t)+L(k-h-l ,0,y ,t)-h-hp] 

*  Pr[L(h,y,t,t)“hp] 

^o(y)  p[k-h-l;njQ(y) ]  p[h;mQ(t)-mQ(y) ] }dy.  (4.32) 

First  we  verify  that  (4.30)  defines  a  proper  probability  mass 
function.  Since  the  integrand  in  (4.30)  is  the  product  of  probabilities, 
all  required  interchanges  are  justified  by  Fubini's  Theorem.  When  sumning 
(4.30)  from  q  -  0  to  q  -  *  we  note  that  after  interchanging  the  order  of 
some  summations  and  integration  we  have  inside  the  integral 


1  P  r [ NP  (y , t )  ■ +NE  (y , t ) -q | NP  (y , t ) -h  , NE_ (y , t ) -h-h  ] =1 , 
q-0  u  p  u  p 


h 

l  {Pr[L(h,y,t,t)-h  ) 

hp«max[0,h-(k-[s0(t)+h]))  P 

•  Pr[l-a(y,t)+L(k-h-l,0,y ,t)*sn(t)+h-h  ]} 

u  p 


-  Pr[H(k-h-l,y,h,t)-s0(t)+h) . 


Therefore,  when  Sq(0  >  0, 

00 

l  Pr(Qi(t)-q)  -  Pr[X0(t)<s0(t)] 


+  I  II  ^x0(y)  p[k-h-l;m_(y) ] 

h"l  k«Sg(t)+h  0 

p[h;m0(t)-m0(y) ]  Pr[H(k-h-l,y ,h,t)“sQ(t)+h] )dy 


OO  00 

-  Pr[X0(t)is0(t)]  +  l  l  Pr(Bn(t)-h,Nn(t)-k)-l 

h-1  k-s0(t)+h  u  u 
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where  the  next  to  the  last  equality  follows  from  Theorem  3.1.  Since 
(NP£(0,t)J NPfl(0,t)«h)  is  a  Binomial  [h,cp^(0,t)l  random  variable  and 
PrlL(h,0,t,t)-h]  pth;mQ(t)J  ■  Pr[BQ(t)-h,NQ(t)-h] 
we  can,  in  a  manner  similar  to  the  above,  show  that  (4.32)  also  defines 
a  proper  probability  mass  function. 

Let 

00  00  h  t 

SM[Z;J]  -  l  l  l  I  ZPr (EV  )dy 

h-1  k-j+h  hp-max[0,h-(k-[s0(t)4ii])]  0 

m^h.hp)  -  ElNP^y.t)  +  HE.(y,t)|  NPQ(y,t)  -  hp,  KE0(y,t)  -  h  -  hp] 
•  hp[cp£(y,t)l  +  (h-hp)  ce^(y,t) 

m2(h,hp)  -  EKNP^y.t)  +  NEi(y,t))2|NP0(y,t)  -  hp ,  NEQ(y  ,t)  -  h-  hp] 
“  hp[cp^(y,t)]Il-cp£(y,t)l  +  [mj(h,hp)]2 
♦  (h-hp)ce^(y,t)Il-ce£(y,t)] 

-  mj(h,hp)  +  [mj(h,hp)l  2  -hpIcp^Cy.t)]2-  (h-hp)[ce£(y,t)]2. 
Then  from  (4.30)  and  (4.32)  we  have 

E[Qi(t) ; Sq( t ) >0 ]  -  SM[m1(h,hp) ; Sq( t ) ] ; 

E[Q?(t);s0(t)>0]  -  SM[m2(h,hp);s0(t)] ; 

ElQ^t) ;sQ(t)-0]  -  p[0;meQ(0,t) )  mp£(0,t)  +  SM[mj(h,hp) ;1 ] ; 
E[Q?(t);s0(t)-0]  -  p[0;meQ(0,t) }  ([mp^(0,t)l2  +  mp^(0,t)) 

+  SM[m2(h,hp);l] .  (4.33) 

VMR(Qi(t);s0(t)>0)  >.1  if  and  only  if 

SM[{m1(h,hp)>2;s0(t)J  >  (SHtm^h.hp) ; s0( t ) ]  )2 

+  SM[hpIcp£(y,t)]2  +  (h-hp)[ce£(y,t)]2;8Q(t))  (4.34) 

and  VMR(Q£(t) ;sQ(t)-0)  >_ 1  if  and  only  if 

SM[  (mj(h,hp)}2;l]  ♦  p[0;meQ(0,t)]{[mp£(0,t)]2  ♦  mp£(0,t)} 

1  (SMtm^h.hp);!]}2  *  SMthplcp^y.t)]2  +  (h-hp)[cei(y,t)]2;ll  (4.35) 
♦  {p(0;meQ(0,t)]mp£(0,t))2  ♦  SM[2p[0;meQ(0,t)]mp^(0,t)mj(h,hp);l) . 


We  have  found  (4.30)  and  (4.32)  to  be  analytically  intractable. 
In  fact,  we  have  been  unable  to  analytically  verify  either  that  (4.30) 
is  stochastically  decreasing  with  respect  to  8Q(t)  or  that  (4.34) 
and  (4.33)  hold.  However,  empirical  evidence  from  calculations  on  the 
weapon  systems  described  in  Appendix  B  indicates  not  only  that  (4.30) 
and  (4.32)  are  stochastically  decreasing  with  respect  to  8Q(t)  but  also 
that  VMRtQ^t)]  >_ 1 .  We  shall  return  to  this  point  in  Chapter  VI  where 
we  investigate  approximations  that  reduce  the  computational  burden  involved 
in  calculating  Q^(t)  and  X^(t). 

Example  4,6:  Let  base^  be  a  proportionate  base  with  parameter  c^.  Then, 
[NP^(y,t)  |  NPQ(y,t)]  has  a  Binomial  [NPQ(y ,t) ,c^l  distribution  and  is 
independent  of  [NE^(y,t)  |NEQ(y,t)l  which  has  a  Binomial  [NEQ(y,t) .c^l 
distribution.  Therefore, 

[NPi(y,t)  +  NEi(y,t)l NP0(y,t)  «  hp ,  NEQ(y,t)  *  h  -  hp] 
has  a  Binomial  [h,c^]  distribution  regardless  of  y.  Let  bi(q,h,c^)  be 
the  probability  that  a  Binomial  [h,c^l  random  variable  equals  q. 
Removing  this  probability  from  inside  the  integral  in  (4.30)  and  recalling 
the  definition  of  H(k-h-l ,y ,h,t)  we  have  that 

Pr(Qi(t)-q)  «=  Pr[XQ(t)  <  sQ(  t)  ]  ^(q) 

OC  00 

+  l  l  bi(q,h,c1) 

h-max(l,q)  k=SQ(t)+h 

t 

*/  UQ(y)  p[k-h-l;m0(y)]  p[h;m0(t)-ra0(y) ] 

•  Pr[H(k-h-l,y ,h,t)  -  sQ(t)+h]}dy 

oo 

-  Pr[XQ(t)  <  80(t)]  5q (q)  +  l  bi(q,h,ci)  Pr(B0(t)«h) 

J  h_max(l,q) 

from  Theorem  3.1.  The  above  is  easily  seen  to  be  equivalent  to  (4.6). 
Similarly,  (4.32)  reduces  to  (4.6)  when  base^  is  a  proportionate  base. 
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Example  4.7 :  Let  FQ(s,t)  *  1  if  t  -  s  >.  Rq  >.0  and  Fq(s,0  ■  0  otherwise. 
For  all  y  £  t  -  Rq  and  k  >  h,  1  -  a(y,t)  +  L(k-h-l ,0,y,t)  ■  0  so  there 
is  no  contribution  to  Pr(Qi(t)-q)  in  (4.30).  For  all  t  >.  y  >  t  -  Rq, 
L(h,y,t,t)  *  h  so  there  is  no  contribution  to  Pr(Q£(t)*q)  in  (4.30) 
except  when  hp  ■  h.  Furthermore, 

Pr(NP^(y ,t)+NE£(y ,t)“q|NPQ(y ,t)*h,NEQ(y,t)*0) 

■  Pr(NP£(y,t)-q|NP0(y,t)*h) 

*  bi(q,h, [a^(t)-a^(y) l/[mQ(t)-mQ(y) ] ) . 

Since  a(y,t)  *  0  for  t  >_ y  >  t  -  Rq  we  have 

Pr[ l-a(y,t)+L(k-h-l ,0,y ,t)“SQ( t) ]*Pr[L(k-h-l ,0,y ,t)«SQ( t)-l 3 
*  bi[sQ(t)-l ,k-h-l ,tmQ(y)-mQ(t-RQ)]/mQ(y)] .  (4.36) 

Multiplying  (4.36)  by  p[k-h-l ;mQ(y) ]  and  summing  this  product  over  the 
range  of  k  yields  p[sQ(t)-l;mQ(y)-mQ(t-RQ) ] .  Combining  all  of  the 
above  in  (4.30)  we  have  for  sq(0  >  0, 

Pr(Qi(t)-q)  -  Pr[XQ(t)  £sQ(t)j  6Q(q) 

OO  t 


I  /  UQ(y)  pis  (t)-l;m n(y)-m  (t-R )] 

hmax(l,q)  t-RQ  U  U  0  0  0 

•  bi(q,h,[a1(t)-ai(y)]/[m0(t)-m0(y)])  p[h;m0(t)-m0(y) ] }dy. 


Summing  over  the  range  of  h  yields  (4.9). 

Note  that 

meQ(0,t)  ■  mQ(t-RQ) 

mp^(0,t)  ■  a^(t)  -  a^(t-RQ)  ■  mp^(t-RQ,t) 
so  that  (4.31)  becomes 

p{q;a£(t)-a£(t-R0)3  p[0;m0( t-RQ) 3  -  {Q(q)e_m0^t\ 

For  t  >_  y  >  t  -  Rq,  L(h,y,t,t)  *  h  so  we  need  only  consider  the  case  where 
h  ■  hp.  Since  a(y,t)  *  0,  1  -  a(y,t)  L(k-h-l  ,0,y ,t)  >  0  ■  h  -  hp  so 
there  is  no  contribution  to  Pr(Q^(t)“q)  in  (4.32)  when  t  >.  y  >  t  -  Rq.  For 


-r, 
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y  <.t  -  Rq,  1  -  a(y,t)  ♦  L(k-h-l ,0,y,t)  *  0  so  we  again  need  only  consider 


the  case  where  h  ■  h^.  Noting  that 

Pr(NPi(y,t)»q  )NPQ<y,t)*h) 

-  bi(q,b,[a£(t)-a£(t-RQ)]/[mg(t)-mQ(t-RQ)]) 
Pr(L(h,0,y,t)-h)  ■  {[nQ(t)-mQ(t-RQ)]/[mQ(t)-nQ(y)] }h 


the  last  term  in  (4.32)  becomes,  after  summing  over  the  range  of  h. 


»0(t)-»0(t-R0)-OPl<t-I>0,t) 
te  -  <5Q(q)]}dy 


p[q;a1(t)-a1(t-RQ)]  {l-p[0;mQ(t-R0)]} 


-m0(t) 

+  «0(q)  (e  -p[0;m0(t)-m0(t-R0)]}. 


Since  p[0;mQ(t)-mQ(t-RQ)]  *  Pr[XQ(t)“0],  (4.32)  reduces,  as  expected, 
to  p[q;a£(t)-ai(t-R0)l . 


Number  of  Units  Due-In  From  the  Depot 


Let  OST^y)  be  the  order  and  ship  time  for  a  unit  sent  from 
the  depot  to  base^  at  y  >_0.  For  t  >.  0  and  n*l,2,...,  IS£(n,t)  *  1  if 


and  only  if: 


a.  l£(n)  *  1 


b.  T(n)  ♦  W0[T(n)J  <  t 


(4.37) 


c.  T(n)  +  W0lT(n)J  +  OSTi(T(n)  +  W0[T(n)]>  >  t. 


Since 


E[lS1(n,t)  |T(n)  -  y  <_  t]  - 


/  c1(y)Pr[WQ(y)-z]  Pr[OST1(y+z)  >  t-(y+z)]  dz 
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ve  have  that 

t  t-y 

E[IS  (n,t)]  •  J  /  {p[n-l;m  (t)]X  (y)c.(y) 
1  0  0  u  u  l 


•  Pr[WQ(y)  -  z]  PrtOST1(y+z)  >  t-(y+z) ] }dzdy. 

Of  course,  Partisan, t)]  -  EllS^n.t)!  {l-EllSi(n,t)l  >. 

Using  (4.2)  we  have  that 
t  t-y 

E[ER  (t)]  -  /  /  (a. (y)  Pr[W-(y)  *  z] 

1  0  0  1  u 

•  Pr[0STi(y+z)  >  t-(y+z) ] }dzdy.  (4.38) 

Consider  a  stationary  system  where,  for  all  y  >.0,  a^y)  *  a^,  i»l,2,...N, 
F0(s,t)  depends  only  on  t-s  and  OST^y)  *  OST^  doe6  not  depend  on  y. 
Using  (3.8)  we  can  show  that  as  t  goes  to  infinity,  Wg(t)  has  a  limiting 
distribution.  Then  we  can  use  (4.38)  to  show  E[ER^(t)]  *  ajElOSTj] 
which  can  also  be  obtained,  in  a  stationary  system,  from  Little's  Formula. 

Unfortunately,  other  than  (4.38)  it  i6  cumbersome  to  obtain 
any  general  results  for  ER^t),  To  verify  the  conditions  in  (4.37)  we 
must  determine  T(n),  Wg[T(n)]  and  OSTi(T(n)+W0[T(n)] >  for  n*l,2,.... 
Even  if  the  order  and  ship  times  are  independent,  the  T(n),  n*l,2,..., 
are  not  independent  and  there  may  also  be  some  correlation  in  the  times 
different  resupply  requests  wait  for  satisfaction  at  the  depot.  Therefore, 
the  lS£(n,t),  n*l,2,...,  are  usually  not  mutually  independent.  In 
order  to  determine  the  joint  distribution  of  the  IS^n.t)  [and  thereby 
the  distribution  of  ER^(t)]  we  need  to  determine  the  joint  distribution 
of  the  origination  and  waiting  times  of  the  Ng(t)  demands  on  the  depot. 
To  find  even  the  variance  of  ER^(t)  requires  determining  the  joint 
waiting  time  distribution  of  any  two  of  the  Ng(t)  resupply  requests. 
This  is  extremely  cumbersome  and  impractical  for  any  realistic 


*  Vj 


implementation. 

Since 

DEi(t)  -  Q^( t )  ♦  ERi( t)  (4.39) 

the  inability  to  obtain  general  reaults  for  ER^(t)  prohibits  finding 
general  results  for  DE^t)  (other  than  using  (4.33)  and  (4.38)  to  find 
ElDE^t)]).  Furthermore,  because  of  the  correlation  in  the  T(n), 
n*l,2,...  and  the  correlation  in  the  waiting  times  at  the  depot,  ER^(t) 
and  Q^(t)  are  not  independent.  This  fact  further  complicates  the  task 
of  obtaining  general  results  for  DE^(t)  from  (4.39). 

There  is,  however,  a  useful  and  important  special  case, embodied 
in  Assumption  11  below,  for  which  we  can  get  tractable  expressions  for 
the  distribution  of  DE^(t). 

Assumption  11:  OST^(y)  does  not  depend  on  y  and  is  a  fixed  known 
value,  OST*,  i“l,2,.,.,N. 

The  assumption  of  a  constant,  deterministic  order  and  ship 
time  between  the  depot  and  base^  does  not  in  itself  provide  a  convenient 
aid  in  obtaining  the  distribution  of  ER^t).  However,  Theorem  4.8 
8 hows  how  Assumption  11  allows  us  to  calculate  directly  the  distribution 
and  other  properties  of  DE^t),  t  >.0. 

Theorem  4.8:  For  constant,  deterministic  order  and  ship  times  and  t  >.  0, 

DEi(t)  -  lN?(t)  -  N?(t-0ST*)]  ♦  Qi(t-0ST*) 
where,  by  assumption,  N?(y)  ■  Q^(y)  ■  0  for  y  <_0. 

Proof :  (N®(t)  -  Q^(t),  t  >_  0}  is  the  counting  process  describing  the 

number  of  base^  resupply  requests  satisfied  by  the  depot.  Since  order 
and  ship  times  are  constant  and  deterministic,  only  base^  resupply  requests 
satisfied  in  (t-OST*,t]  will  be  en  route  to  base£  at  t  >.0.  Bence 
ERjU)  -  [N?(t)  -  Qi(t)l  -  InJU-OST*)  -  Qi(t-0ST*)1  . 


■>£>3 
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Substituting  for  ER^t)  in  (4.39)  establishes  the  theorem.  // 

While  Assumption  11  is  somewhat  restrictive,  it  seems  that  it 
is  necessary  to  make  this  assumption  in  order  to  obtain  any  tractable 
analytic  results.  However,  there  is  another  reason  why  one  might  wish 
to  adopt  Assumption  11.  In  practice,  it  is  almost  always  true  that  a 
base  will  receive  units  from  the  depot  in  the  same  order  that  the  units 
were  shipped.  Hence,  deliveries  to  a  particular  base  do  not  cross.  This 
makes  it  unlikely  that  order  and  ship  times  are  independent  random 
variables.  Without  developing  a  detailed  model  of  the  depot  shipping 
process,  it  is  difficult  to  describe  the  dependence  among  shipping 
times  to  a  particular  base.  By  Assumption  11,  we  prevent  deliveries 
from  crossing  by  removing  any  variation  in  the  shipping  times.  Accounting 
for  shipping  time  variation  is  a  difficult  and  unsolved  problem  even 
for  a  single  location  (Q,r)  inventory  system  (Hadley  and  Whitin  [1963]). 

For  the  remainder  of  this  dissertation  we  shall  use  Assumption 
11.  Using  Theorem  4.8  we  can  then  write  the  base^  pipeline  for  t  >  0  as 
X£(t)  -  Di(t)+Ri(t)+Ei(t)+[Nj(t)-N?(t-OST*)]+Qi(t-OST*).  (4.40) 

All  the  random  variables  on  the  right  in  (4.40)  are  independent.  Therefore, 
X^t),  t  >.0,  can  be  obtained  from  the  convolution  of  the  distributions 
that  we  have  derived  in  the  previous  sections  of  this  chapter. 

Delay  at  a  Base 

An  interesting  and  oft  times  useful  measure  of  inventory 
performance  at  a  base  is  the  expected  delay  until  a  customer  who  has 
brought  in  a  failed  unit  is  resupplied  from  the  base's  spares  pool.  In 
a  stationary  system,  the  expected  wait  may  be  obtained  by  using  Little's 


Formula.  Ia  a  non-a tat ionary  system,  however,  we  need  to  determine  the 
distribution  of  the  base^  waiting  time,  W^(t),  in  order  to  calculate 
the  mean  waiting  time  at  t  >_0.  The  limiting  distribution  of  W^(t)  has 
not  previously  been  derived  for  stationary  multi-echelon  systems  but 
can  be  obtained  as  a  special  case  of  the  results  of  this  section. 

When  a  customer  arrives  at  base^  at  t  >.0,  he  will  not  wait 
if  X^(t)  <  8^(0.  However,  if  X^(t)  >_S£(t),  the  customer  will  receive 
the  (X^(t)  -  s^(t)  +l)th  serviceable  unit  that  becomes  available  for 
issue  at  base^  after  t.  For  w  >.  0,  let  AV^Ct.t+w)  be  the  total  number 
of  units  that  becomes  available  for  issue  at  the  base^  spares  pool  in 
(t,t+w].  Then  W^(t)  >  w  >_ 0  if  and  only  if 

XjU)  ISj^Ct)  +  AV^t.t+w). 

Using  (4.40)  to  substitute  for  X^(t)  we  have  W^(t)  >  w  >.0  if  and  only  if 
D^t)  +  E^t)  ♦  RjCt)  +  lH?(t)  -  N?(t-0ST*)]  +  Q^t-OST*) 

>  s.(t)  +  AVi(t).  (4.41) 

D^(t)  consists  of:  units  that  will  still  be  in  the  diagnostic 
facility  at  t+w  [“D?(t,t+w)J ;  units  that  will  leave  the  diagnostic  facility 
in  (t,t+v]  after  being  condemned  l“D?(t ,t+w) ) ;  units  that  will  leave  the 
diagnostic  facility  in  (t,t+wj  and  enter  the  base^  repair  facility 
[ "D^( t ,t+w) ] ;  and  units  that  will  leave  the  diagnostic  facility  in 
(t,t+w]  and  enter  the  depot  pipeline  [»D?(t,t+v) ] .  Therefore,  the 
inequality  (4.41)  can  be  written  as 

D?(t,t+w)  +  D?(t,t+w)  +  D*(t,t+v)  +  D?(t,t+w)  +  Ei(t)  +  Ri(t) 

+  [N?(t)  -  N?(t-0ST*)]  +  Qi(t-0ST*)  >  s^t)  +  AVi(t).  (4.42) 
Define : 

l£(t,t+v)  ■  1  if  the  unit  that  failed  at  t+  was 

condemned  in  (t,t+w]  and  a  replacement 


from  the  external  supplier  arrived 
in  (t,t+wJ.  if(t.tn)  -  0  otherwise. 

I*(t,t+w)  *  1  if  the  unit  that  failed  at  t+  was 

sent  to  the  base^  repair  facility  in 
(t,t+w)  and  completed  repair  in 
(t,t+wl.  I^(t,t+w)  *  0  otherwise. 

#Ei(tj ,t2»t »t+w)  *  number  of  units  that  arrive  from  the 

external  supplier  in  (t,t+wl  to 
replace  failures  at  base^  in  (tj»t2l 
that  were  condemned  in  (t^,t2l« 

#E?(  t,t+w)  *  number  of  units  that  arrive  from  the 

external  supplier  in  (t(t+w]  to 
replace  failures  at  ba6e^  in  (0,t] 
that  were  condemned  in  (t,t+wl.  Note 
that  #E?(t,t+w)  <_D?(t,t+w). 

#R^(t  j  ,t2»t,t+w)  -  number  of  failures  in  (tj^l  that 

were  sent  to  the  base^  repair  facility 
in  (tj,t2l  and  completed  repair  in 
(t,t+w] . 

#R®(t,t+w)  -  number  of  failures  in  (0,tl  that 

were  sent  to  the  base^  repair  facility 
in  (t,t+wl  and  completed  repair  in 
(t,t+w].  [#R£(t,t+w)  <_  D|(t,t+w)l  . 

#DE£(t,t+w)  -  number  of  units  that  arrive  at  base^ 

as  resupply  from  the  depot  in  (t,t+w]. 
(Possibly  including  resupply  for  the 
demand  at  t+). 
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Mt(t,t+v) 


■  number  of  units  management  has  sent 
to  basej  that  arrived  in  (t,t+wl. 


Then, 

AVjU.t+w)  -  Ht(t,t+v)  ♦  lj(t,fv)  +  I®(t,t+w)  +  #DE£<t ,t+w) 

+  #Ei(0,t,t,t+w)  ♦  #E?(t,t+w)  +  #Ei(t,t+w,t,t+w) 

+  #Ri(0,t,t,t+w)  ♦  #R^(t ,t+w)  +  fR^t.t+w.t.t+w). 

After  some  rearrangement  the  inequality  (4.42)  can  now  be  rewritten  as 

[D?(t,t+v)J  ♦  [D?(t,t+w)  -  #E?(t,t+v)] 

+  lE^t)  -  #Ei(0,t,t,t+w)l  -  [#Ei(t,t+w,t,t+w)J 

+  lD^(t,t+w)  -  #R£<t,t+v)]  +  [R^t)  -  #Ri(0,t,t,t+v)] 

-  [#R£(t,t+w,t ,t+v)  1  -  [lf(t,fv>  ♦  l![(t,t+w)] 

+  [N?(t)  -  H®(t”OST*)  ♦  Q^t-OST*)  +  D?(t,t+w)  -  #DEi(t,t+w)J 

>  S£(t)  ♦  Mt(t,t+w) .  (4.43) 

A  term  by  term  analysis  of  the  left  side  of  (4.43)  yields: 

(1)  D?(t,t+w)  has  a  Poisson  distribution  with  mean 
t 

/  X. (s)[l-G  (s,t+w)]ds. 

0  1  1 


App lying  the  Splitting  Property  P10.  it  is  straightforward  to  show 

(see  Chapter  III)  that  D?(t,t+w)  is  independent  of  the  number  of  units 

that  left  the  base^  diagnostic  facility  in  (0,t+w].  Hence,  D?(t,t+v)  is 

independent  of  every  other  term  in  (4.43). 

(2)  D?(t,t+w)  -  #E?(t,t+w)  is  the  number  of  units  that 

failed  in  (0,t],  were  condemned  in  (t,t+v)  and  for  which  replacements 

from  the  external  supplier  have  not  arrived  at  base^  by  t+w.  This 

quantity  has  a  Poisson  distribution  with  mean 
t  t+w 

/  ^(s)  /  dG1(s,y)[l-P1(8#y)-P^(8,y)][l-ei(s,y,t+w)]ds. 
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P10  assures  us  that  this  term  is  independent  of  the  other  terms  in  (4.43). 

(3)  E^(t)  -  #E£(0,t ,t ,t+w)  is  the  number  of  units  that 
failed  in  (0,tl,  were  condemned  in  (0,t]  and  for  which  replacements 
from  the  external  supplier  have  not  arrived  at  base^  by  t+w.  This 

quantity  has  a  Poisson  distribution  with  mean 
t  t  . 

!  x  (a)  /  dGi(8,y)(l-Pi(8,y)-Pj(s,y)][l-ei(s,y,t+v)]d8. 

0  8 

Applying  P10  we  can  establish  the  independence  of  this  term  and  the 
other  trrms  in  (4.43). 

(4)  #E£(t,t+w,t,t+w)  has  a  Poisson  distribution  with  mean 

t+w  t+w  , 

/  X  (s)  /  dGi(8,y)[l-P1(s,y)-Pj  (s,y) ]ei(s,y,t+w)ds 

t  -  8 

and  by  P10  can  be  shown  to  be  independent  of  the  other  terms  in  (4.43). 

(5)  DR(t,t+w)  -  #R?(t,t+w)  is  the  number  of  unit6  that 
failed  in  (0,tJ,  entered  the  base^  repair  facility  in  (t,t+vj  and  are 
still  in  the  repair  facility  at  t+w.  This  quantity  has  a  Poisson  distri¬ 
bution  with  mean 

t  t+w  , 

/  X  (s)  /  dG. (s,y)Pp(s,y) [1-r . (s,y,t+w) ]ds. 

0  1  t  1  R  1 

and  (by  P10)  is  also  independent  of  every  other  term  in  (4.43). 

(6)  R^(t)  -  #R£(0,t ,t ,t+w)  is  the  number  of  units  that 
failed  in  (0,tl,  entered  the  base^  repair  facility  in  (0,tl  and  are 
still  in  the  repair  facility  at  t+w.  This  quantity  has  a  PoisBon  distri¬ 
bution  with  mean 

t  t 

/  X.(s)/  dG  (s,y)P  (s,y)(l-r  (s,y,t+w)]ds. 

0  1  s  1  R  1 

and  is  independent  of  the  other  terms  in  (4.43). 


(7)  #R£(t,t+w,t,t+v)  has  a  Poisson  distribution  with  mean 

t+w  t+w 

/  X1(s)  /  dG1(s,y)PR(s,y)r1(s,y,t+w)ds 

and  is  independent  of  the  other  terms  in  (4.43). 

(8)  Since  I?(t,t+v)  +  I^(t,t+w)  <,  1  these  two  random 
variables  are  not  independent.  However,  the  distribution  of  their  sum 
is  easily  obtained  after  noting  that 

Pr[I^  (t,t+v)  +  I*  (t,t+w)  -  1)  ■ 

t*Hf 

/  (p£  (t,y)r1(t,y,t+w)  +  [l-PR(t,y)-P1(t,y)  ]ei(t,y,t+w)  }  dG^t.y). 

[l|(t ,t+w)+l|(t ,t+w)  ]  and  #DEi(t,t+w)  may  be  correlated  because  #DE^( t ,t+w) 
may  provide  information  on  whether  the  failure  at  t+  was  or  was  not 
sent  to  the  depot  in  (t,t+wl.  We  will  return  to  this  point  momentarily. 

(9)  Since  OST*  is  deterministic,  units  that  arrive  from 
the  depot  in  (t,t+wl  must  have  been  shipped  in  (t-OST^.t+w-OST^l .  First, 
consider  the  case  where  w  <  OST*.  If  the  arrival  at  t+  is  sent  to 
the  depot  in  (t,t+wl,  a  serviceable  replacement  for  this  unit  could  not 
have  arrived  at  base^  by  t+w  even  if  HpCt*)  >  0.  Therefore, 

#DEi(t,t+w)  -  [N?(t+w-0ST*)  -  Q^t+w-OST*))  -  [N?(t-0ST*)  -  Q^t-OST*)] 
and 

N?(t)  -  N®( t-OST*)  +  Q^t-OST*)  +  D?(t,t+w)  -  #DEi(t,t+w) 

-  lN?(t)  -  N?(t+w-0ST*)J  +  D?(t,t+w)  +  (^(t+w-OST*).  (4.44) 
Q^(t+w-0ST*)  is  not  affected  by  demands  on  the  depot  after 
t+w-OST*.  Hence,  for  w  <_0ST*,  Q^(t+w-0ST*)  is  independent  of  [N?(t)  - 
N®( t+w-OST*)]  and  D®(t,t+w).  Furthermore,  using  P10  it  is  easy  to  show 
that  D?(t,t+w)  is  independent  of  the  number  of  units  that  left  the  base^ 
diagnostic  facility  in  (0,tl  and  therefore  D®(t,t+w)  is  independent  of 


lN®(t)  -  N^t+w-OST*)] ,  Therefore,  the  sum  on  the  right  of  (4.44)  is 
the  sum  of  independent  random  variables.  The  distribution  of  this  sum 
is  readily  obtained  using  (3.1),  (4.30),  (4.32)  and  the  fact  that  from 
P10,  D?(t,t+w)  has  a  Poisson  distribution  with  mean  pd(0,t,t,t+w)  where 

t2 

pd(t1,t2,t3,t^)  -  /  XA(s)  /  dG1(8,y)Pi(s,y)ds. 

*1  C3 

For  w  <_  OST*,  #DE^(t,t+w)  provides  no  information  about  the 
failure  at  t+  and  is  independent  of  [l?(t,t+w)  +  I?(t,t+w)].  Hence,  all 
nine  terms  on  the  left  in  (4.43)  are  mutually  statistically  independent. 
PrlOST*  <_w  <  W^(t)]  can  now  be  obtained  in  a  straightforward  manner. 

Now  consider  the  case  where  w  >  OST*.  The  known  failure  at 
base^  at  t+  results  in  a  non-continuous  MVF  for  the  NHPP  describing  the 
number  of  base^  resupply  requests  placed  on  the  depot.  Therefore, 

#DEi(t,t+w)  -  [l?(t, t+w-OST*)  +  N®( t+w-OST*)  -  (^(t+w-OST*)] 

-  [N?(t-0ST*)  -  Qi(t~0ST*) ] 

where 

I®(t, t+w-OST*)  ■  1  if  the  failure  at  t+  was  sent  to  the  depot 

no  later  than  t+w-OST*.  I ®(t, t+w-OST*)  ■  0 
otherwise . 

Q^w-OST^)  ■  number  of  depot  backorders  at  t+w-OST-  that 
belong  to  base^  given  that  there  was  a  failure 
at  base^  at  t+. 

Hence, 

N?(t)  -  N?(t-OST*)  +  Qi(t-0ST*)  +  D?(t,t+w)  -  #DEi(t,t+w) 

-fN?(t)  - N?( t+w-OST*) ]  +  D?(t,t+w)  +  Q^( t+w-OST*)  -  I®(t, t+w-OST*) 
■  Q*( t+w-OST*)  -  I®( t , t+w-OST*)  +  [D®( t ,t+w)  -  D®( t , t+w-OST*) ] 

-  [N®( t+w-OST*)  -  N?(t)  -  D?(t, t+w-OST*)]. 


(4.45) 
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D®(t,t+w)  -  D®(t, t+w-OST*)  is  the  number  of  failures  at  base^ 
in  (0,t]  that  were  sent  to  the  depot  in  (t+w-OST£,t+w] .  This  quantity 
has  a  Poisson  distribution  vithmean  pd(0,t , t+w-OST*, t+w)  and  is  independent 
of  I®( t, t+w-OST*)  [Assumptions  2  through  6]  and  (^(t+w-OST*)  [since  these 
demands  were  placed  on  the  depot  after  t+w-OST*]. 

[N?( t+w-OST*)  -  N®(t)  -  D®( t, t+w-OST*)]  is  the  number  of  failures 
at  base^  in  (t.t+w-OST^]  that  were  sent  to  the  depot  in  (t, t+w-OST^] . 
This  quantity  has  a  Poisson  distribution  with  mean  pd(  t  , t+w-OST ^  ,t  .t+w-OST^) 
and  is  independent  of  I®(t, t+w-OST*)  [Assumptions  2  through  6]  and 
[D®(t,t+w)  -  D®(t, t+w-OST*)]  [Assumptions  2  through  6  and  the  fact  that 
NHPP  have  independent  increments] . 

Q  *( t+w-OST*)  is  not  independent  of  I®( t , t+w-OST*)  and 
[N®( t+w-OST*)  -  H?(t)  -  D®( t , t+w-OST* ) ] ,  The  known  failure  at  base^  at 
t+  and  the  number  of  failures  at  base^  in  (t, t+w-OST*]  that  are  sent  to 
the  depot  in  (t, t+w-OST^]  certainly  affect  Q|( t+w-OST^) .  However,  the 
distribution  of 

[Qi( t+w-OST*) | I?(t, t+w-OST*),  N®( t+w-OST*)  -  N?(t)  -  D®( t , t+w-OST*)] 
can  be  obtained  straightforwardly,  albeit  tediously,  by  extending  the 
arguments  that  led  to  (4.30)  and  (4.32).  Details  can  be  found  in 
Kotkin  (1985).  Using  the  fact  that  I ®( t , t+w-OST*)  and  [N®( t+w-OST*)  - 
N®(t)  -  D®( t , t+w-OST*)]  are  independent,  the  joint  distribution  of 
Qi(t+w-0ST*),  I?( t , t+w-OST*)  and  [N?( t+w-OST*)  -N?(t)  -  D?(t, t+w-OST*)] 
can  be  obtained  straightforwardly.  The  distribution  of  the  sum  in 
(4.45)  can  then  be  obtained  directly  (Kotkin  [1985]). 

For  w  >  OST*,  I ®(t, t+w-OST* ) ,  I?(t,t+w)  and  l|(t,t+w)  are  not 
independent  since  at  most  one  of  these  random  variables  can  be  positive. 

p  n 

Assumptions  2  through  6  guarantee,  however,  that  l£(t,t+v)  and  l£(t,t+v) 


-,r 

a  A  a/.iilj 


are  independent  of  the  other  random  variables  in  (4.45).  Since  the 
first  seven  terms  on  the  left  in  (4.43)  are  independent  of  the  latter 
two  terms,  all  that  remains  to  be  done  in  order  to  find  Pr[W^(t)  >  w  >  OST*] 
is  to  find  the  distribution  of  [l|(t,t+w)  +  I?(t ,t+w)|l®(t , t+w-OST*] .  This 
is  easily  done.  Clearly, 

Pr[l?(t,t+w)  +  lf(t,t+w)  -  l|l?(t,t+t+w-OST*)  -  1]  -  0 

so  that 

Prllf(t+w)  +  lf(t,t+w)  -  1 1 1?(t, t+w-OST*)  -  0] 

-  Pr[l?(t+w)  +  I?(t,t+w)  -  1]/Pr[l?(t, t+w-OST*)  -  0] 

where  the  numerator  on  the  right  is  given  in  paragraph  (8)  above  and 

*  t+w-OST* 

Pr[I°(t,t+w-OSTt)  =  0]  -  J  [l-Pi(t,y)]dGi(t,y). 

Similarly, 

Pr[lf(t,t+w)  +  lf(t,t+w)  «  0|l®(t, t+w-OST*)  •  1]  -  1, 
Prllf(t,t+w)  +  I?(t,t+w)  *  0|l?(t, t+w-OST*)  -  0] 

Prll^t, t+w-OST*)  -  0]  -  Pr[lf(t,t+w)  +  I?(t,t+w)  -  1] 

Pr [ I ?(t, t+w-OST*)  -  0] 


The  supply  interactions  between  the  d'epot  and  bases  manifest 
themselves  through  the  impact  of  stock  policies  at  the  depot  on  the 
bases'  pipelines.  In  Chapter  IV  we  explicitly  examined  this  impact  by 
deriving  the  distribution  of  a  bases's  pipeline  as  a  function  of  the 
depot  asset  level.  Therefore,  inventory  performance  at  the  bases  can 
be  improved  either  by  increasing  stock  at  the  bases  or  by  increasing 
stock  at  the  depot,  thereby  reducing  the  bases'  pipelines.  This  tradeoff 
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between  depot  end  base  stock  forms  the  basis  of  the  optimization  problem 
that  ve  formulate  in  the  next  chapter. 


Next  page  is  blank. 


CHAPTER  V 


THE  FIXED  ASSET  VECTOR  PROBLEM 


The  emphasis  of  the  previous  two  chapters  has  been  on  describing 
important  stochastic  processes  that  arise  at  the  depot  and  the  bases. 
In  particular,  in  Chapters  III  and  IV  ve  derived  the  time-dependent 
probability  distributions  of  the  number  of  units  in  the  pipeline  at  the 
depot  and  bases,  respectively.  Using  these  results,  (2.2)  and  (2.3), 
ve  can  obtain  the  probability  distributions  of  the  number  of  units 
on-hand  and  the  number  of  backorders  outstanding  at  any  time  during  the 
horizon  at  every  location  in  the  inventory  system.  Ve  can  then  develop 
measures  of  inventory  performance  which  aid  in  evaluating  different 
stock  policies  and  asset  levels  during  the  horizon.  It  then  becomes 
natural  to  formulate  an  optimization  problem  that  allocates  a  valuable 
resource  (money,  weight,  volume,  etc.)  over  a  catalog  of  items  (for 
example,  the  items  that  comprise  a  veapon  system)  in  order  to  maximize 
the  inventory  performance  of  the  catalog  over  the  horizon.  The  Fixed 
Asset  Vector  Problem  (FA VP),  introduced  in  this  chapter,  represents  the 
first  step  towards  formulating  such  an  optimization  problem.  The  FAVP 
formulation  assumes  that  all  asset  levels  remain  unchanged  during 
the  horizon:  there  are  no  management  directives  to  change  the  asset 
levels  at  any  location  during  the  horizon.  In  Chapter  VIII  ve  examine 
the  optimization  problem  that  arises  when  this  assumption  is  removed. 
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However,  the  FA VP  is  extremely  interesting  in  its  own  right.  It  can  be 
used  for  scenarios  during  which  management  directed  changes  can  not  be 
implemented  for  any  reason  including,  of  course,  lack  of  time  and/or 
lack  of  asset  visibility  and  control. 

Inventory  Performance  Measures 

There  are  several  useful  measures  of  inventory  performance 
including  criteria  based  on  an  item's  fill  rate,  ready  rate,  and  expected 
number  of  outstanding  backorders.  At  t  >_0,  we  define  the  fill  rate  at 
locationj  for  a  particular  item,  FRj(t),  as  the  probability  that  there 
is  at  least  one  unit  on-hand  at  locationj  at  time  t.  Therefore, 
FRj(t)  *  Pr  [Xj(t)  <  s j ( t ) ]  •  Note  that  if  Sj(t)  *  0  then  FRj(t)  ■  0. 
The  ready  rate  at  locationj  at  time  t  for  a  particular  item,  RRj(t),  is 
defined  as  the  probability  there  are  no  backorders  outstanding  at 
locationj  at  time  t.  Therefore,  RRj(t)  ■  Pr  [Xj(t)  <.Sj(t)].  Finally, 
from  (2.2),  the  expected  number  of  backorders  of  a  particular  item 
outstanding  at  locationj  at  time  t  is  given  by 

EB0(s, (t),s_(t),t)  -  l  Pr (X. (t)>k) .  (5.1) 

J  U  k>Sj (t)  J 

All  of  these  performance  measures  depend  upon  8j(t)  and  also  upon  8q(0 
since  Xj(t)  depends  upon  sg(t). 

Brooks,  Gillen,  and  Lu  (1969)  discussed  the  relative  merits 
of  using  the  different  performance  measures  in  steady  state  models. 
They  also  presented  some  computational  experience  comparing  the  asset 
allocations  from  single  echelon  steady  state  optimization  problems 
using  the  different  performance  measures.  Since  a  backorder  outstanding 
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at  a  base  implies  a  customer  ia  waiting,  the  measure  most  directly 
related  to  customer  satisfaction  is  the  expected  number  of  backorders 
outstanding  at  the  bases.  Fill  rate  and  ready  rate  are  measures  more 
of  immediate  supply  accommodation  than  of  customer  satisfaction.  For 
this  reason,  the  expected  number  of  backorders  outstanding  at  the  bases 
is  the  performance  measure  used  in  most  steady  state  multi-echelon 
models.  (See,  for  example,  Sherbrooke  [1968],  Clark  [1978],  Kaplan 
[1980],  Vincent  [1980],  and  O'Malley  [1983]).  For  the  remainder  of  thi6 
study  we  assume  that  the  performance  criteria  are  based  on  the  expected 
number  of  backorders  outstanding  at  the  ba6e6.  However,  any  of  the 
other  measures  could  be  used  in  developing  optimization  problems.  The 
results  presented  here  have  analogs  for  each  of  the  different  measures. 

Performance  Criteria  in  Hon-Stationarv  Systems 

Definition  5.1:  An  asset  vector  is  a  vector  containing  an  asset  level 
for  every  item  at  every  location.  As  asset  policy 
specifies  an  asset  vector  at  every  point  in  time 
during  the  horizon. 

Given  an  asset  policy,  inventory  performance  can  be  measured 
at  any  point  in  time  during  the  horizon.  While  time  plots  of  inventory 
performance  may  be  useful  management  aids,  they  usually  do  not,  in 
themselves,  provide  an  objective  way  to  evaluate  alternative  asset 
policies.  The  major  exception  is  when  one  policy  provides  better 
performance  at  every  point  in  time.  Two  important  objective  performance 
criteria  that  can  be  obtained  from  the  time  plots  are  the  average 
performance  over  the  horizon  and  the  worst  performance  during  the 
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horizon.  Usually,  management  has  an  interest  in  both  these  criteria. 
For  obvious  reasons,  management  is  concerned  with  the  worst  performance 
predicted  during  the  horizon.  Regardless  of  the  average  performance 
over  the  horizon,  management  may  not  want  to  tolerate  extended  periods 
of  severely  poor  performance  or  even  poor  performance  during  short 
critical  periods. 

However,  the  intervals  of  poor  performance  may  be  during 
non-critical  time  periods  and  may  be  mild  enough  and/or  short  enough  so 
that  the  average  performance  over  the  horizon  is  at  a  satisfactory 
level.  In  this  case,  management  may  not  want  to  perturb  the  inventory 
system  and  incur  the  extra  expense  of  added  assets  because  of  small, 
non-severe,  non-critical  periods  of  poor  inventory  performance. 

By  controlling  the  average  performance  over  the  horizon, 
management  assures  that  the  inventory  system  provides  satisfactory 
service  during  the  horizon.  The  average  performance  also  provides  a 
way  of  distinguishing  between  two  equal  cost  asset  policies  that  have 
the  same  worst  performance  over  the  horizon. 

Therefore,  inventory  managers  are  faced  with  a  multi-criteria 
optimization  problem.  They  wish  to  choose  an  asset  policy  that  makes 
the  most  economical  use  of  available  resources  while  controlling  the 
average  and  worst  inventory  performance  over  the  horizon. 

The  major  advantage  of  ergodic  theory  is  that  in  steady  state 
all  points  in  time  are  stochastically  identical.  With  one  constraint 
on  inventory  performance  it  is  possible  to  control  both  the  average  and 
worst  behavior  for  some  time  interval  in  steady-state.  In  non-stat ionary 
systems,  where  there  is  no  passage  to  steady  state  and  each  point  in 
time  may  be  stochastically  different,  one  constraint  may  be  insufficient 
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to  satisfactorily  control  both  the  average  and  worst  performance.  Different 
asset  policies  may  have  the  same  average  expected  number  of  backorders 
outstanding  but  vastly  different  values  for  the  maximum  expected  number 
of  backorders  outstanding  over  the  horizon.  Similarly,  different  asset 
policies  with  the  same  maximum  expected  number  of  backorders  outstanding 
over  the  horizon  may  have  a  significantly  different  average  expected 
number  of  outstanding  backorders.  For  these  reasons,  the  FA  VP  formulation 
includes  constraints  on  both  the  average  and  maximum  expected  number  of 
outstanding  backorders  over  the  horizon. 

Formulation  of  the  FA VP 

The  major  assumption  of  the  FA VP  is  that  the  asset  levels  for 
every  item  at  every  location  are  fixed  at  time  0.  There  are  no  management 
directives  to  change  the  asset  position  of  any  item  at  any  location 
during  the  horizon.  This  restricts  the  set  of  feasible  asset  policies 
to  policies  for  which  the  asset  vector  does  not  change  over  the  horizon. 
In  Chapter  VIII  we  discuss  the  optimization  problem  that  results  from 
dropping  this  restriction.  For  notational  convenience,  while  discussing 
the  FAVP,  we  shall  drop  the  notation  indicating  the  dependence  of  the 
asset  level  on  time. 

The  other  assumptions  of  the  FAVP  are: 

a.  Inventory  performance  is  measured  at  the  bases.  Depot 
performance  is  included  only  insofar  as  it  affects  performance  at  the  bases. 
This  is  reasonable  since  primary  customer  demands  occur  only  at  the 
bases  (Assumption  1).  However,  the  formulation  could  easily  be  modified 
to  include  depot  performance  explicitly. 
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b.  Performance  constraints  are  expressed  in  terms  of  the 
expected  total  number  of  backorders  for  all  items  at  all  the  bases. 
The  FAVP  formulation  can  easily  be  modified  to  include  constraints  on 
the  performance  at  each  base  and/or  on  the  performance  of  each  item. 

c.  The  objective  is  to  minimize,  over  a  catalog  of 
items,  the  total  cost  of  procuring  or  holding  the  required  assets.  The 
FAVP  could  easily  be  modified  to  minimize  the  veight  or  volume  of  the 
optimal  asset  vector  instead  of  the  cost.  Adding  constraints  on  the 
weight  and/or  volume  will  increase  the  computational  burden  of  obtaining 
optimal  solutions. 

Define 

I  ~  ■  number  of  items  in  the  catalog; 

T  -  horizon  length; 

Xjj(t)  ■  pipeline  for  itemi  at  location^  at  t,  i»l,2,...,I; 
j  -  0,1,. ...N;  0  <  t  <  T; 

s^j  *  asset  level  of  item^  at  locationj,  i  ■  1,2.,, I; 
j  “  0,1 , . .N; 

8i+  "  *®i0»  ®il . ®iN^  ’  1  " 

8+j  “  ^®lj»  ®2 j ’ *  *  *  *®I j>  *  j  *  0,1 . N; 

s++  “  ^8l  +  »  ®2+' ' ’ *  *  *1+^’ 

■  procurement  or  holding  cost  of  item^,  i  ■  1,2,. .1; 

ljj  ■  a  vector  of  ones  with  dimension  N+l ; 

1  T 

AEBO(8i;),s10)  -  i  J  EBO(8lj,810,t)dt 

-  the  average  expected  number  of  backorders  of 
item^  outstanding  at  basej  over  the  horizon, 
i  *  1 ,2, .  ..I;  j  *  1,2 . N; 


'.Vjv.V 
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I  N 

MMCXs  )  -  max  {  [  £  EBO(s..  ,s.0,t} 

0<t<T  1-1  3-1  1J  10 

-  the  maximum  expected  total  number  of  backorders 
for  all  items  outstanding  at  the  bases. 

The  FA VP  can  now  be  written  as 
N 


I  l  AEB0(a  ,s  )  <  aeb  (5.2) 

1-1  j-1  13  - 

MEBO(b  | )  <  meb 

8lj  “  0,1,2,...  1  -  1,2, ..I;  J  -  0,1, ..,N. 

If  AEBOCs^ j ,8£q)  has  a  limit  as  T  goes  to  infinity  for  each 
item  in  the  catalog  and  the  constraint  on  MEBO  (s++)  is  removed,  the 
FA  VP  reduces  to  the  steady  state  two-echelon  model  first  introduced  by 
Sherbrooke  (1968). 


Solution  of  the  FA VP 


For  aeb,  meb  >,0  (5.2)  always  has  a  feasible  solution  since  as 
all  s^j  go  to  infinity,  MEB0(s++)  and  all  the  AEB0(s£ j .s^q)  go  to  zero. 
If  we  introduce  a  Generalized  Lagrange  Multiplier  (GLM),  ua  >_  0  (Everett 
[1963]),  we  can  rewrite  (5.2)  as 


Min 


I 

l 

1-1 


{CiS10 


N 

I 

j-1 


K(8ij;8i0)> 


MEB0(s  j )  <_  meb 


(5.3) 


where  KC  s  ^  j ;  s  -  C  £  j  ♦  uaAEB0(s  ^  j  ,8£(j)  .  Here,  and  in  the  sequel,  it 


is  understood  that  all  decision  variables  are  non*-negative  integers.  We 
can  use  a  result  of  Everett  (1963)  to  relate  optimal  solutions  of  (5.3) 
to  solutions  of  (5.2). 


Let  s++(ua)  be  an  optimal  solution  to  (5.3)  for  a  particular 
GLM  ug  >_  0.  Then  s++(ug)  is  optimal  in  (5.2)  with  the 
right  hand  sides  of  the  constraints  replaced,  respectively, 


aeb[8+f(ua)]  -  ^  AEBO[si:j(ua),8i0(ua)] 

meb [s . . (u  )]  *  MEB0[s , . (u  )]  <  meb. 

tt  a  -t- r  a  — 

Proof :  Consider  (5.2)  with  aeb  and  meb  replaced  with  aebls++(ua)]  and 
mebls++(ua)l  respectively.  Clearly,  s++(ua)  is  feasible.  For  all  asset 
vectors  y++  such  that  MEB0(y++)  <, meb  we  have  that 

.^1Cil8i+(ua)-yi+J,1N-Ua  ,yiO]_AEBOtsij  ’si0(ua^  * 

1*1  J*1 

since  8++(ufl)  is  optimal  in  (5.3).  If  y++  is  feasible  in  the  augmented 
(5.2)  we  have  that 


IN  IN 

l  l  AEB0[y  y  ]<[  £  AEB°[8  (u  ) ,8  (u  ) ] 

i-1  j-1  1  i-1  j-l  a  a 


which  implies  that  y++  has  an  objective  function  value  in  (5.2)  which 
is  no  smaller  than  the  value  of  s<f4.(ua).  // 

By  varying  u#  one  can  use  (5.3)  to  obtain  solutions  to  (5.2) 
with  different  values  for  the  right  hand  sides  of  the  constraints. 
Solutions  to  (5.3)  are  undominated  (efficient)  solutions  of  (5.2)  in 
the  sense  that  any  asset  vector  that  has  lover  procurement/holding 
costs  than  s++(ufl)  must  have  either  higher  average  expected  total 
backorders,  higher  maximum  expected  total  backorders,  or  both.  Usually, 


one  can  obtain  an  undominated  aolution  to  (5.2)  with  aebls++(ua)]  and 
oeb[s++(ua)]  sufficiently  close  to  the  desired  levels  aeb  and  meb.  For 
two  reasons,  however,  this  can  not  be  guaranteed.  First,  since  all 
asset  levels  are  non-negative  integers,  there  are  infinite  values  of 
aeb  and  meb  for  which  the  constraints  in  (5.3)  will  never  hold  at 
equality.  Secondly,  when  using  a  GI>1,  a  "duality  gap"  often  arises 
(see  Everett  [1963]).  A  duality  gap  occurs  when  there  is  a  solution  to 
(5.2)  for  particular  aeb  and  meb  but  there  is  no  value  of  ufi  that  can 
obtain  this  solution.  Everett  showed  that  a  gap  arises  when  the  objective 
function  in  (5.2)  is  not  a  strictly  convex  function  of  the  right  hand 
sides  of  the  constraints  in  (5.2)  (which,  as  we  shall  see  later,  is 
the  case  here).  Everett's  GLM  procedure  can  only  generate  points  of 
strict  convexity  in  the  three  dimensional  space  representing  the  optimal 
objective  function  value  in  (5.2)  as  a  function  of  aeb  and  meb. 

In  practice  aeb  and  meb  are  usually  soft  management  parameters 
and  acceptably  close  values  of  the  constraints  are  sufficient.  Therefore, 
we  will  obtain  undominated  solutions  of  (5.2)  by  using  Everett's  (1963) 
GLM  technique.  For  the  moment,  we  shall  concentrate  on  solving  the 
relaxation  of  (5.3)  obtained  by  removing  the  constraint  on  the  maximum 
expected  total  number  of  backorders  outstanding  at  the  bases.  Without 
this  constraint,  (5.3)  is  separable  by  item.  Unfortunately,  one  can 
construct  examples  that  show  that  KC s ^ j ; s *8  not  a  convex  function 
either  of  the  2-tuple  ^ 8 i j » 8 10^  or  9uantity  8i0  +  8ij  “  0,1,2.... 

Since  K(8ij»8i(p  i®  not  convex,  the  objective  function  of  the  subproblem 
for  item^  and  the  objective  function  in  (5.3)  are  not  convex. 

However,  using  Theorem  5.3,  it  is  straightforward  to  show  that 
when  s^q  is  held  fixed  at  some  non-negative  integer  value,  K( s £ j ; s 


is  a  convex  function  of  s  —  ,  j  »  1,2,..,N. 

Theorem  5.3:  For  fixed  s^q,  AEB0(  8  £  j  ,  s  )  is  a  discretely  convex 
decreasing  function  of  S£j,  i  “  1,2,.  ..,1;  j  -  1,2,...,N. 
Proof :  From  Theorem  2.2  we  have  that  for  s—  •  0,1,2...  and  t  >.0, 
EBO(s£j+l,s^o»t)  ~  EB0(s^j  ,S£Q,t)  -  -  Pr(Xy(t)  £.*ij+D 

and  therefore,  for  fixed  s^q,  EBOCs^j .s^Q.t)  is  a  discretely  convex 

decreasing  function  of  s^j.  The  theorem  now  follows  by  applying  two 

elementary  properties  of  convex  functions.  // 

We  will  exploit  the  convexity  of  K^sij»8jo^  for  fi*ed  s^q  in 

an  implicit  enumeration  scheme  to  solve  the  subproblem  for  item^.  The 

item^  subproblem,  i  -  1,...,1,  can  be  written  as 

Min  TC^Sio)  -  Ci6i0  +  TCB*(si0) 

8i0  “  0 »1 »2, . . . 


where 


TCV810> 


N 

min  l  K(s  ;s  „) 
3-1  3 


is  the  total  optimal  contribution  by  the  bases  to  the  objective  function 
of  the  item^  subproblem  when  the  depot  asset  level  is  s^q.  For  fixed 
s^q,  the  item^  subproblem  is  separable  by  base  since  we  need  only  find 
TCB*(s^q).  Therefore,  for  fixed  s^q,  we  can  solve  the  item^  subproblem 
by  minimizing  K(*ij*8£(p  for  each  base. 

Since  K^ijJSiO^  is  convex  for  fixed  s^q,  ^(s^q),  the  base^ 
asset  level  that  minimizes  K(s£j;s^()),  is  the  smallest  non-negative 
integer  for  which  K(  Sij+ijSio)  >  K(sij;  8£q).  Therefore,  s^jCs^q)  is 
zero  if  and  only  if 

T  C.T 

/  Pr(X  , (t)>l)dt  <  — .  (5.4) 

0  ua 


Otherwise,  s^Cs^q)  is  the  unique  positive  integer  satisfying 


Ill 


T  C±T  T 

/  Pr(Xlj(t)>slj(8i0)+l)dt  <  ^-  <  /  Pr(X^(t)>s^(s^))dt.  (5.5) 


0  ua  0 

Say  T  is  measured  in  days.  Then  ufl  is  a  backorder  cost  in 
the  sense  that  for  every  T  backorder-days  accumulated  over  the  horizon, 
there  is  a  "charge"  to  the  inventory  system  of  ufl  dollars  in  KCs  —  js^q)* 
Intuitively,  (5.4)  and  (5.5)  state  that  s^^s^q)  is  such  that  the 
marginal  reduction  in  backorder  costs  over  the  horizon  from  adding  the 


ij  -=dj  v“i(T 


s^j(s£o^tl1  asset  at  basej  must  be  greater  than  the  marginal  increase  in 


procurement/holding  costs  from  adding  that  asset.  Furthermore,  the 
reduction  in  backorder  costs  from  adding  the  (s^^s^q)  +  asset  (or 

any  assets  after  that)  must  be  less  than  the  corresponding  increase  in 
procurement/holding  costs. 

The  optimality  conditions  (5.4)  and  (5.5)  allow  for  straight¬ 
forward  determination  of  s^j(s^Q^»  and  thereby  TC^s^q)*  for  any  value 
of  s^q.  However,  empirical  evidence  from  test6  on  the  items  in  our  data 
base  (see  Appendix  B)  has  shown  that  not  only  is  TC^(s^q)  not  convex, 
it  i6  not  unimodal.  Therefore,  in  order  to  solve  the  item^  subproblem, 
it  is  necessary  to  determine  TC^( s^q)  for  all  b^q  “  0,1,2,....  The  optimal 
depot  asset  level  for  item^,  8_^q,  is  the  non-negative  integer  that 
yields  TC*(s^q),  the  minimum  value  of  TC^(s^q).  Fortunately,  it  is 
possible  to  a  priori  determine  an  upper  bound  on  6_£q.  Before  establishing 
this  upper  bound  we  need  to  obtain  some  intermediate  results. 

Le™»  5 .4 :  If  the  random  variable  G  is  stochastically  larger  than  the 
random  variable  Z,  then  eIg]  >_  E [ Z ] . 

Proof :  See  Lehmann  (1959).  // 

1.MHIHI  5,5:  For  fixed  s  —  and  all  t  >  0,  EB0(  s^  j ,  s^q  * t )  is  8  decreasing 
function  of  s^q  «  0,1,2,.... 


j roof :  Xij(t),  t  >.0,  is  given  by  (4. AO).  The  only  component  of  X^j(t) 
that  depends  on  siQ  is  Qij(t-OST*j) .  By  Theorem  4.2,  Q-tt-OST*^)  is 
stochastically  decreasing  with  respect  to  siQ.  Therefore,  X^t)  and 
tXij(t)-8ij]+  are  stochastically  decreasing  with  respect  to  b^q.  It 
now  follows  directly  from  (2.2)  and  Lemma  5.4  that  for  all  siQ  -  0,1,2,... 
and  t  >  0,  EBO(aij,si0+l,t)  <_  EBOU^.s^.t) . 

Theorem  5.6:  TCB^Cs^q)  is  a  decreasing  function  of  s^q  ■  0,1,2,.... 
Proof :  Let  k  >  h  be  non-negative  integers.  Then 
a  N 

TCB±(h)  -  l  K(s^  (h) ;h) 


[Ci^jCh)  +  u^AEBO^OOjh) 


>  ^  ICi^Lj(h)  +  u^AEBOC^j  (h)  ;k) 


>  TCBi(k) 


where  the  next  to  the  last  inequality  is  a  direct  consequence  of  Lemma  5.5 
and  the  last  inequality  follows  from  the  optimality  of  s^j(k). 

Theorem  5.7:  For  all  s^q  ■  0,1,2,... 

LiO  i8i0  +  INT  {(TCB*(si0)  -  TCB*(“))/Ci}.  (5.6) 

Proof :  Since  b^q  is  optimal  in  the  item^  subproblem  we  have  for  all 

8i0  *  0,1,2,...  that  TC^(b^q)  <_TC£(8£q)  and  therefore, 

1*0  <  si0  ♦  [TCB*(si0)  -  TCi*i(LiQ))/Ci 
<  siQ  +  [TCB*(si0)  -  TCB*(»)]/Ci 

by  Theorem  5.6.  Since  s^q  must  be  an  integer,  the  theorem  follows.  // 
In  particular,  applying  Theorem  5.7  with  s-n  »  0  we  have  that 


s,-n  <  INT  {(TCB?(0)  -  TCB?(®)]/C,  }. 


(5.7) 


TCB*(“)  is  easily  calculated  since  for  s^q  ■°6,  Q^j(t)  “0,  t  >  0,  and 


mzmsm 


therefore,  X^j(t),  t  >  0,  has  a  Poisson  distribution  with  mean  obtained 
from  (4.40) , 


We  can  use  Theorem  5.6  to  develop  an  iterative  procedure  to 
try  to  improve  the  upper  bound  on  s^q  obtained  from  (5.7).  Let  ubj^  be 
the  upper  bound  obtained  from  (5.7).  For  all  b^q  >_b^q,  we  ltnow  that 

if  ic 

TCBj^s^g)  <.TCBi(si0).  Therefore,  given  ubm  >_  s^q,  m  1  we  can  obtain 
ubm+1  -  INT{[TCB*(0)  -  TCB*(ubm)]/Ci)  >  s^. 

We  continue  until  ubm+^  ■  ubm.  Using  Theorem  5.6,  it  is  easy  to  show 
that  this  procedure  does  indeed  terminate.  Unfortunately,  it  does  not 
necessarily  terminate  at  s^q.  Call  the  final  upper  bound  obtained  ubj. 

Initially,  in  order  to  obtain  an  optimal  solution  to  the 
item^  subproblem,  we  expect  to  have  to  calculate  TC^(b^q)  for  all 
values  of  s^q  from  0  to  ub£.  The  first  incumbent  solution  to  the  item^ 
subproblem  is  s^q  ■  0  and  s^j(0),  j  ■  1,...,N,  with  objective  function 
value  TC B* ( 0 ) .  Corollary  5.8  shows  how  the  upper  bound  on  6_£q  can  be 
updated  every  time  a  new  incumbent  solution  is  obtained. 

Corollary  5.8:  Let  ubc  be  the  upper  bound  on  s^q  based  on  the  current 
incumbent  solution  with  depot  asset  level  s*q  >_  0 .  Let 
8?n  >  8ln  t>e  such  that  ubc  >_b?q  and  TC.(s?n)  <  TC;(s;n)* 


iO  '  8i0 
Then , 


iVbiO; 


iVbiO; 


Lio  i8i0  +  INT<[TCB*(s?0)  -  TCB£(ubc)]/Ci>  <  ubc. 
Proof :  The  first  inequality  follows,  as  in  the  proof  of  Theorem  5.7, 
from  the  optimality  of  s^q  and  from  Theorem  5.6  (since  ubc  >_ s^q)  .  The 
second  inequality  is  obtained  in  a  similar  manner  after  using  the  fact 
that  TC^s^q)  <  TC^s^q)  and  the  fact  that  from  Theorem  5.6,  TCB*(ubc) 
provides  the  best  available  lower  bound  on  TCB*(|_^q).  // 

Originally,  ub*  is  obtained  either  from  (5.7)  or  from  applying 


0  is  the  first 


the  iterative  procedure  to  improve  (5.7).  Since  s^q  ■ 
incumbent  solution,  ubc  -  ubf.  When  the  next  incumbent  solution  is 
obtained  for  some  s^q  >  0,  ubc  is  updated  using  Corollary  5.8.  In 
principle,  an  iterative  procedure  similar  to  the  one  described  above 
can  be  employed  every  time  ubc  is  updated.  Computational  experience 
indicates,  however,  that  very  little  improvement  in  the  upper  bound  on 
s^q  is  obtained  by  applying  the  iterative  procedure  every  time  a  new 
incumbent  solution  is  obtained.  The  computational  burden  of  applying 
the  iterative  procedure  appears  to  outweigh  the  benefits  obtained.  Most 
of  the  improvement  in  the  upper  bound  on  s^q  comes  about  from  using 
Corollary  5.8  without  an  iterative  procedure.  In  fact.  Corollary  5.8 
(without  the  iterative  procedure)  is  so  effective  in  improving  ubc  that 
we  have  found  that  it  is  not  worthwhile  even  to  apply  the  iterative 
procedure  to  improve  the  initial  upper  bound  obtained  from  (5.7). 

It  is  also  possible  to  establish  a  "static"  upper  bound  on  b^q. 

Theorem  5,9:  Let  ubp  be  the  optimal  solution  to 

N 

Min  Cs  +  l  K  (0:s.n).  (5.8) 

sto«0,l,...  j-1  j 

Then,  s^q  <_ubQ. 

Proof:  Since  ubQ  is  optimal  in  (5.8)  we  have  for  w  *  1,2,,.. 


'±w  >.  I  (Kj  (0;ubg)  -  Kj  (0;ubQ4w)] 


i  [K^tubQ+v);  ubQ)  -  KCs^  (ubQ+w) ;  ubQ4v)  ] 


from  Theorem  2.2  and  the  fact  that  ^( t ) ,  t  >  0,  is  stochastically 
decreasing  with  respect  to  si0.  Since  Kfs^  j(ubQ+w)  ;ubQ)  >  K(sij(ub0)  ;ub0) , 
we  have  that  TC.-(ubn+w)  >  TC-(ubn)  and  the  theorem  follows.  // 
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We  can  further  reduce  the  computational  burden  of  obtaining 
the  optimal  solution  to  the  item^  subproblem.  Theorem  5.10  shows  that 
no  base  asset  level  will  increase  when  the  depot  asset  level  increases. 
Theorem  5.10:  i®  a  non-increasing  function  of  s^q  -  0,1,2,.... 

Proof:  For  each  basej  and  t  >.  0,  X  —  (t)  is  stochastically  decreasing 
with  respect  to  s^q  (see  the  proof  of  Lemma  5.5).  Along  with  the  optimality 
conditions  (5.4)  and  (5.5),  this  implies  that  s^e^g)  —  &ij^8i0+^*  ^ 
Summarizing  the  above,  we  present  Algorithm  Al ,  an  implicit 
enumeration  scheme  for  finding  optimal  solutions  to  the  item^  subproblem. 

Algorithm  Al :  To  find  an  optimal  solution  to  the  item^  subproblem: 

Step  1 :  Dse  (5.4)  and  (5.5)  to  obtain  TCB*(°°). 

Step  2:  Dse  (5.4)  and  (5.5)  to  obtain  TCB*(0). 

Set  TCB*(0)  as  the  value  of  the  incumbent  solution  and 
store  the  depot  and  base  asset  levels. 

Step  3 :  Dse  (5.7)  and  Theorem  (5.9)  to  find  DB,  an  upper  bound  on 
®i0 •  Set  j  -  1  . 

Step  4:  If  j  >  DB,  stop.  The  incumbent  solution  is  optimal. 

Otherwise,  use  (5.4)  and  (5.5)  to  obtain  TCB*(j). 

Step  5:  If  jC^  ♦  TCB*(  j)  <  the  value  of  the  incumbent  solution  then: 

(a)  Set  jC^  +  TCB*(  j)  as  the  value  of  the  incumbent  solution. 

(b)  Store  the  depot  and  base  asset  levels. 

(c)  Dpdate  DB  using  Corollary  5.8. 

Step  6 :  Set  j  *  j  +  1  and  go  to  Step  4. 

After  using  Algorithm  Al  to  solve  every  item  subproblem,  we 
obtain  s-.+  ,  the  asset  vector  that  is  the  optimal  solution  to  the  relaxation 
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of  (5.3).  If  MEBO[£++]  <_  meb ,  s++  is  optimal  in  (5.3)  and  is  also  an 
undominated  solution  of  (5.2).  In  order  to  complete  our  discussion  of 
the  solution  of  the  FA  VP,  let  us  assume  that  MEBOls^]  >  meb. 

We  can  introduce  another  GLM,  uffi  >_  0,  in  order  to  bring  the 
constraint  in  (5.3)  into  the  objective  function.  By  a  theorem  of 
Everett  (1963),  the  solution  to 


Min 


jitci»i° + 


N 

E  K<sij!SiO))+  ubMEB0(s++) 


(5.9) 


is  an  undominated  solution  of  (5.3).  Empirical  evidence  from  tests  on 

the  weapon  systems  in  Appendix  B  indicate  that  MEB0[s++]  is  not  a 

convex  function  either  of  s++  or  of  total  system  assets.  We  can  show 

(see  Theorem  5.11  below)  that  for  fixed  s+q,  MEB0[s++]  is  a  convex 

decreasing  function  of  (s+1 . s+N) .  The  fact  that  (5.9)  is  not 

separable  by  item,  though,  makes  it  extremely  difficult  and  impractical 

to  obtain  solutions  to  (5.9).  Therefore,  we  approximate  MEB0[s++]  by 

I 


MEB0(s_m.)  *  l  MEB0(si+) 


i-1 


MEBO  (s  )  -  max  {  l  EB0(s  ,s  -,t) .} 
0<t£T  j-1  3 


(5.10) 


Let  0  <  TM^(8^+)  <  T  be  the  time  at  which  the  expected  total 
number  of  base  backorders  for  item^  reaches  its  maximum  value,  MEBO^ts^.,.]. 
If  TM^s^)  were  the  same  for  all  items,  (5.10)  would  be  an  exact  equality. 
(5.10)  is  conservative  in  the  sense  that  it  may  result  in  overstocking, 
but  will  ensure  that  the  performance  constraints  are  satisfied. 

Using  the  approximation  (5.10),  (5.9)  is  separable  by  item  and 
the  item^  subproblem  is 


Min 


TCM 


8i0*0,1,2» • • • 


i(si0)  -  +  ^  K^sij;si0)  +  umMEBOi(si+) 


Before  solving  the  item^  subproblem,  ve  need  some  intermediate  results. 
Theorem  5.11  establishes  the  convexity  of  MEBO[s£+]  for  fixed  s^q  vhile 
Theorems  5.12  and  5.13  establish,  for  fixed  s^q,  upper  and  lover  bounds 
on  the  optimal  base  asset  levels. 

Theorem  5 .11 :  For  fixed  s^q,  MEBOj(b£+)  is  a  discretely  convex  decreasing 
function  of  (s^j,  *£2»“*>  siN^‘ 

Proof :  In  the  proof  of  Theorem  5.3  ve  sav  that  for  all  t  >  0  and  fixed 
a £Q ,  EBO(s£j ,S£Q ,t)  is  a  discretely  convex  decreasing  function  of  s^j, 
j  “  1,..,,N.  Therefore,  for  ail  t  >  0,  the  sum  over  all  bases  of 
EB0( s^j ,8q ,t)  is  a  discretely  convex  decreasing  function  of  the  total 
base  asset  vector  (  s^j  ,  s^2  »•  •  •  »8£n^  •  Since  the  maximum  of  convex 
functions  is  itself  a  convex  function,  the  theorem  follovs.  // 

Let  8*j(8£q)  be  the  optimal  basej  asset  level  for  item^  vhen 
the  depot  asset  level  for  iten^  is  si0. 

Theorem  5.12:  For  j  *  1,...,N,  8*j(ei0)  —  Sij(8i(p* 

Proof :  Assume  there  is  at  least  one  base^  such  that  s s <  b^j^C  s - 
Let  y^+  be  an  asset  vector  such  that  y^Q  *  s^q  and  for  j  ^  0, 

?ij  "  8ij(»i0)  if  6ij(si0)  i^ij(8i0) 
y^j  ■  othervise. 

Clearly,  MEB0[y£+]  <_  MEBOl s*+( s^q) J .  From  the  definition  of  *£j^8£0^» 
ve  have  that  ^(yjjJs^Q)  —  ^^8ij^8i0^  *8i0^  *or  3  wit*1  8trict  inequality 
holding  for  at  least  base^.  Hence,  y++  is  a  better  solution  to  the 
item^  subproblem  for  fixed  s^q  than  the  asset  vector  ^8i0,8i+^8i0^ * 
This  contradicts  the  optimality  of  8*+^8£0^*  // 

Theorem  5.12  assures  us  that  ve  can  use  Algorithm  Al  not  only 


to  solve  the  relaxation  of  (5.3)  but  also  to  provide  starting  values  in 
the  search  for  8*j(8£(p»  j  “  1,...,N. 
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Theorem  5.13:  Let  ub^jte^Q)  >.  L*  be  t^ie  lna^elt  non-negative 

integer  such  that  for  all  0  <  t  £  T, 
umlEBO(ubij(ai0) ,aiQ,t)  -  EBO(ubij(si0)+l ,si0,t)) 

<  [K(ubij(«i0)+l;ai0)  -  K(ubij(ai0);ai0)] . 

Then,  £ubij(ai0),  j  -  1.....H. 

Proof :  The  theorem  follows  directly  from  (5.10),  Theorem  5.11  (and  its 
proof)  and  the  convexity  of  KCs^j'.s^q)  ^or  ^ ixed  s^q. 

For  any  asset  vector  S£+  we  define  the  marginal  benefit  of 


putting  an  extra  asset  at  basej  as 


MB 


ij<8i+>  -  uBlMEBO.(si+)  -  MEBOi(si++e j)]  -  [K(8i j+l ;»i0)  -K(sij;si0)] 


vhere  ej  is  the  jcn  unit  vector  in  R  .  It  is  interesting  to  note  that 


for  basej,  MB^j(8£+)  is  not  monotonically  decreasing  with  respect  to 


s^+.  The  benefit  of  an  extra  asset  at  basej  may  actually  increase  as 
more  stock  is  placed  at  the  other  bases.  In  fact,  it  is  quite  conceivable 


that  for  a  particular  asset  vector,  basej  could  be  "blocked"  in  the 


sense  that  MB£j(s^+)  <  0  even  though  s^j  <  ub^s^).  Precisely,  basej 


is  blocked  if  there  is  some  t*,  0  <  t*  £  T,  such  that 


unJ®B°(8ij(8io) »8i0,t*)  '  ®BO(sij(si0)+l,8i0,t*)] 

>  [K(sij(si0)+l;si0)  -  K(sij(si0);si0)) 
but  MBij(s£+(»io^  <  ®88ej  can  be  blocked  in  many  ways.  For  example, 

say  there  is  another  base  with  no  assets  but  with  an  extremely  high 


pipeline  at  a  time  at  which  basej  has  a  very  small  pipeline.  Giving 


assets  to  basej  without  giving  assets  to  the  other  base  would  be  pointless 


since  the  maximum  could  not  be  reduced.  However , after  allocating  some 


assets  to  this  other  base,  basej  may  be  "unblocked".  If  not  for  blocking, 


we  know  that  8ij(8io^  *  j  “  Blocking  can  not 

occur  when,  for  all  possible  asset  vectors,  all  bases  attain  their  maximum 


1  m.* 


>\V 


i.'  *<****" 


expected  number  of  item^  backorders  at  the  same  time. 

Using  Theorem  5.11  and  the  bounds  in  Theorems  5.12  and  5.13, 
ve  could  construct  a  branch  and  bound  algorithm  for  finding  8ij(*iO) * 
j  ■  1 , . . .  ,N.  However,  since  we  may  have  to  find  3  "  1,...,N 

for  many  values  of  s^q  we  attempt  to  reduce  the  computational  burden  by 
using  a  greedy  heuristic. 

Algorithm  A2:  A  greedy  heuristic  for  finding  a* j C « ,  j  ■  1,...,N: 

Step  1:  Set  the  current  asset  vector  to 

Step  2:  For  the  current  asset  vector  s|+,  the  set  of  eligible 
bases  consists  of  each  base^  for  which  s^j  <  ub^s^). 
If  the  set  of  eligible  bases  is  empty,  stop.  ub^Cs^) 
is  the  optimal  solution. 

Step  3:  Find  MB£j(s|+)  for  each  eligible  basej.  If  MB^s?.*)  <  0 
for  each  eligible  base,  stop.  Set  s*+  -  s£+.  Otherwise, 
increase  by  1  the  asset  level  of  the  base  with  the  largest 
value  of  MBij(s^+),  j  ■  1,...,N. 

Step  A:  Update  the  current  asset  vector  and  go  to  step  2. 

He  note  that  if  there  is  no  blocking,  the  greedy  heuristic 
will  not  stop  until  “  ubij^Bi(P  for  e8cb  ba8e.  The  greedy 

heuristic  may  not  find  the  true  optimal  solution  if  the  greedy  allocation 
induces  blocking  that  might  not  otherwise  have  occurred. 

Ve  can  now  use  an  implicit  enumeration  scheme  to  find  the 
optimal  solution  of  the  item^  subproblem.  Let 

*  N 

TCMB1(s10)  -  min  *  ;si0)  +  ^MEHOls^]} 
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be  the  optimal  contribution  by  the  bases  to  TCM^Cs^q).  Similar  to  the 
proof  of  Theorem  5.6,  ve  can  prove  that  TCMB*(s^q)  is  a  decreasing 
function  of  s^q.  Therefore,  ve  can  establish  analogs  of  Theorem  5.7, 
the  bound  (5.7),  Corollary  5.8  and  Theorem  5.9.  Ho  analog  of  Theorem  5.10 


is  possible  since  adding  an  asset  to  the  depot  may  unblock  a  basej.  If 


that  happens,  *^>(s{a)  will  increase. 


>ij'»i0> 

An  implicit  enumeration  scheme  very  similar  to  Algorithm  Al  can 


now  be  used  for  each  item  in  order  to  find  s++,  an  undominated  solution 


of  (5.3).  We  leave  the  details  to  the  reader.  s++  is  also  an  undominated 


solution  of  (5.2).  Using  standard  techniques,  ve  can  nov  search  for 
the  Generalized  Lagrange  Multipliers  that  produce  an  asset  vector(s) 
vhose  inventory  performance  is  acceptably  close  to  the  targets  aeb  and  meb. 


Summary 


The  FAVP  assumes  that  management  vill  not  and/or  cannot 
change  the  asset  vector  over  the  horizon.  The  problem  then  is  to  find 
the  least  cost  asset  vector  at  time  0  that  achieves  management  specified 
targets  on  the  average  and  maximum  expected  total  number  of  base  backorders 
over  the  horizon.  The  FAVP  (5.2)  is  a  non-linear  non-convex  integer 
programming  problem.  By  using  Generalized  Lagrange  Multipliers  ve  vere 
able  to  shov  that  the  FAVP  is  separable  by  item.  We  developed  an 
efficient  implicit  enumeration  scheme  to  find  the  optimal  levels  for 
each  item  and  thereby  find  an  undominated  solution  of  the  FAVP.  In  the 
next  tvo  chapters  ve  discuss  some  of  the  computational  issues  involved 
in  using  the  FAVP  to  obtain  cost  effective  asset  vectors  in  non-stationary 
tvo  echelon  systems. 


CHAPTER  VI 


APPROXIMATIONS  TO  THE  BASE  PIPELINE  DISTRIBUTION 


Id  using  Algorithms  A1  and  A2  to  solve  the  FA VP  ve  must  find 
the  average  and  maximum  expected  total  number  of  backorders  at  the  bases 
for  many  different  candidate  asset  policies.  Therefore,  for  each  item 
ve  must  find  the  time  dependent  distributions  of  the  base  pipelines  for 
various  depot  asset  levels.  He  see  from  (4.40)  that  for  a  particular 
item  the  distribution  of  Xj(t),  t  >  0,  can  be  obtained  from  the  convolution 
of  a  Poisson  distribution  and  the  distribution  of  Qj(t)  obtained  from 
(4.30)  and  (4.32).  Most  of  the  effort  and  cost  incurred  in  obtaining 
the  distribution  of  Xj(t)  lies  in  obtaining  the  distribution  of  Qj(t). 
To  evaluate  (4.30)  and  (4.32)  ve  must  perform  many  numerical  integrations 
of  a  function  that  is  the  product  of  probability  terms  that  contain 
MVF .  Depending  on  the  behavior  of  this  function  in  (0,t]  it  may  be 
necessary  to  make  many  function  evaluations  in  order  to  obtain  accurate 
results  from  a  numerical  integration  routine  (Conte  and  de  Boor  [1980]). 
Furthermore,  the  MVF  themselves  may  have  to  be  numerically  integrated. 
Therefore,  the  evaluation  of  (4.30)  and  (4.32)  at  many  times  during  the 
horizon  can  be  extremely  time  consuming  and  costly.  Furthermore,  it 
can  also  be  time  consuming  to  perform  the  actual  convolution  of  the 
components  of  Xj(t)  for  many  different  times  during  the  horizon  and 
many  different  depot  asset  levels.  For  these  reasons,  in  this  chapter 
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we  study  approx imat ions  to  the  distribution  of  Xj(t),  t  >  0,  that 
reduce  the  burden  and  cost  of  solving  the  FAVP. 

We  obtained  data  on  three  current  Army  weapon  systems  in 
order  to  form  a  realistic  data  base  for  the  tests  we  report  upon  in 
this  chapter  and  in  Chapter  VII .  A  summary  of  the  data  for  each  weapon 
system  can  be  found  in  Appendix  B.  Rather  than  test  an  approximation 
on  an  item  by  item  basis,  we  felt  it  was  more  useful  to  test  the  approxima¬ 
tion  over  representative  catalogs  of  items.  As  long  as  an  approximation 
consistently  performs  well  over  representative  catalogs,  the  approximation 
provides  a  valuable  tool  even  when  one  can  find  particular  items  and/or 
points  in  time  during  the  horizon  at  which  it  fails. 

All  run  time 8  are  for  the  CDC  CYBER  700  with  a  cost  of  $800 
per  CPU  hour.  The  weapon  system  used  in  a  particular  run  will  be 
identified  by  the  abbreviations  used  in  Appendix  B.  All  numerical 
integrations  were  done  using  the  International  Mathematical  and  Statistical 
Libraries  subroutine  DCADRE  (IMSL  [1979])  which  uses  adaptive  Romberg 
integration  (Conte  and  de  Boor  [1980]).  The  upper  bound  on  relative 
error  was  10”®.  (Run  times  and  costs  did  not  significantly  change  when 
this  bound  was  lowered  to  10“®).  Finally,  for  consistency  among  the 
different  weapon  systems,  the  targets  aeb  and  meb  in  (5.2)  were  expressed 
as  a  percentage  of  the  number  of  each  type  of  weapon  system  deployed. 
Therefore,  a  102  aeb  target  actually  implied  a  target  of  32.7  backorders 
for  the  average  expected  total  backorders  on  the  AAH,  10  on  the  BHAWK , 
and  25  on  the  M60A3. 

We  studied  two  approximations  to  the  distribution  of  Xj(t), 

j  «  1,2 . N  for  any  t  >  0.  The  first  one,  which  we  call  NEGBI , 

approximates  the  distr ibut  ion  of  Xj ( t )  with  a  negative  binomia  1  d istr  ibut ion 
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with  mean  E[Xj(t)  ]  and  variance  VAR[Xj( t) ]  obtained  from  (4.40) .  A  priori, 
there  are  two  reasons  to  believe  that  NEGBI  may  be  a  satisfactory 
approximation.  First,  as  we  mentioned  in  Chapter  IV,  empirical  evidence 
from  runs  on  the  data  base  indicated  that  the  probability  mass  function 
(pmf)  of  Xj(t)  was  unimodal  and  that  VMR[Xj(t)]  >.  1.  The  pmf  of  a 
negative  binomial  distribution  is  unimodal.  The  negative  binomial  is 
also  a  two  parameter  distribution  with  VMR  >_  1  so  we  can  ensure  that 
NEGBI  uses  the  correct  mean  and  variance  and,  hence,  VMR.  Secondly, 
NEGBI  has  been  shown  to  be  an  excellent  approximation  in  stationary 
systems  (Slay  [1980],  Graves  [1983]).  The  limiting  distribution  of 
Qj(t)  in  the  stationary  case  resembles  (4.6).  Therefore,  there  is 
strong  evidence  to  believe  that  at  least  for  the  proportionate  base 
case,  NEGBI  will  be  an  excellent  approximation. 

The  second  approximation,  called  POISSON,  approximates  the 
distribution  of  Xj(t)  with  a  Poisson  distribution  with  mean  E[Xj(t)l. 
Based  on  our  empirical  evidence,  this  underestimates  the  variance  of 
Xj(t) .  The  advantage  that  POISSON  ha6  over  NEGBI  is  that  we  do  not 
have  to  calculate  VAR[Xj(t)].  Therefore,  we  would  normally  expect  that 
POISSON  would  run  in  less  than  one-half  the  time  of  NEGBI.  However, 

A 

from  (4.35)  we  see  that  the  integrands  for  E[ Q j ( t ) ]  and  E[Qj(t)]  are  very 
similar.  Ve  used  DCADRE  (when  necessary)  to  compute  E[Qj(t)]  and 
stored  the  points  at  which  the  integrand  was  evaluated,  along  with  the 

A 

terms  that  were  common  to  the  integrand  of  E [ Q j ( t ) ] .  We  then  used  the 
trapezoid  rule  (Kitchen  [1968])  with  the  points  and  values  saved  from 
the  computation  of  E[Qj(t)].  This  significantly  reduced  the  time  needed 

A 

to  compute  E[Qj(t)].  As  we  shall  see,  POISSON  was,  on  average,  approx¬ 
imately  1 5Z  faster  than  NEGBI.  Although  this  approach  does  not  guarantee 


that  the  accuracy  achieved  in  calculating  E[Qj(t)]  will  be  matched  in 

n 

the  calculation  of  E[Qj(t)l,  our  tests  indicated  very  little  loss  in 
accuracy.  In  fact  the  same  approach  was  used  to  reduce  the  run  time 
for  obtaining  the  entire  exact  distribution  of  Xj(t). 

Table  1  is  a  comparison  of  the  exact  average  expected  total 
number  of  backorders  at  the  bases  with  the  projections  made  by  NEGBI 
and  POISSON.  The  FAVP  was  run  using  each  approximation  to  determine 
asset  policies  for  three  target  aeb  percentages  (meb  was  set  to  infinity). 
The  final  asset  vector  for  each  approximation  supposedly  achieved  the 
target  aeb  percentage.  These  final  asset  vectors  were  then  correctly 
evaluated  using  the  exact  distributions  of  the  base  pipelines.  This 
yielded  the  true  backorder  ratio  for  those  asset  vectors  where  the  backorder 
ratio  is  defined  as  the  average  expected  total  number  of  backorders  at 
the  bases  divided  by  the  total  number  of  weapon  systems  deployed. 

From  Table  1  we  see  that  NEGBI  does  significantly  better  than 
POISSON  in  projecting  the  true  backorder  ratio.  In  fact,  using  NEGBI 
instead  of  the  exact  distributions  resulted  in  very  little  loss  of 
accuracy.  Notice  that  in  all  cases  NEGBI  and  POISSON  underestimated 
the  backorder  ratio.  This  is  consistent  with  observations  made  by 
Slay  (1980)  and  Graves  (1983)  for  stationary  systems.  Graves  (1983) 
reports  on  rare  instances  where  NEGBI  overstated  the  backorder  ratio  in 
a  stationary  system.  We  did  not  observe  such  aberrant  behavior  on  any 
of  the  items  in  our  data  base.  We  also  note  NEGBI  performed  best  on 
the  M60A3  which  has  a  support  structure  consisting  of  proportionate  bases. 

Ultimately,  we  are  concerned  not  with  the  error  in  projecting 
backorder  ratios  but  with  the  cost  of  the  assets  required  to  achieve  a 
target  backorder  ratio.  Table  2  is  a  comparison  of  the  inventory 


TARGET 


NEGBI 


POISSOH 


izz 


15% 

15.238% 

16.64% 

10% 

10.209% 

11.31% 

5% 

5.146% 

6.98% 

1% 

1.040% 

1.42% 

8T«te«:  BHAWK 


TARGET 

NEGBI 

POISSON 

15% 

15.573% 

20.53% 

10% 

10.612% 

13.51% 

5% 

5.406% 

8.64% 

1% 

1.094% 

2.60% 

8T«t«a:  M6QA3 


TARGET 

NEGBI 

POISSON 

15% 

15.1381% 

15.94% 

10% 

10.0834% 

11.12% 

5% 

5.0442% 

6.58% 

1.0097% 


1.39% 


investment  needed  to  achieve  various  target  backorder  ratios  when 
assets  are  determined  using  the  FAVP  with  either  the  exact,  NEGBI  or  POISSON 
evaluation  methods.  In  constructing  Table  2  we  proceeded  aB  follows. 
First,  for  each  target  backorder  ratio  we  ran  the  FAVP  with  the  exact 
base  pipeline  calculations  in  order  to  obtain  the  true  optimal  asset  vector 
and  true  optimal  inventory  investment.  Then,  we  ran  the  FAVP  with  each 
of  the  approximations  over  a  range  of  values  for  the  Generalized  Lagrange 
Multiplier.  We  evaluated  the  asset  vectors  so  obtained  using  the  exact 
base  pipeline  distributions.  We  then  searched  among  these  final  a6eet 
vectors  (using  the  exact  evaluations)  for  the  asset  vector  that  achieved 
the  target  backorder  ratio.  For  example,  using  POISSON  it  coBt  §11.52 
million  to  achieve  a  target  backorder  ratio  of  51  for  the  AAH.  POISSON 
actually  projected  a  lower  backorder  ratio  for  that  money.  However, 
when  the  asset  vector  was  evaluated  using  the  exact  base  pipeline 
distributions,  a  51  backorder  ratio  was  achieved. 

In  summary,  we  note  that  NEGBI  performed  very  well  with 
little  loss  in  accuracy  or  increase  in  inventory  investment  when  compared 
with  the  exact  solution.  NEGBI  always  performed  considerably  better 
than  POISSON  with  only  a  small  increase  in  run  times. 

As  expected,  these  results  were  duplicated  when  we  activated 
the  constraint  in  (5.2)  on  the  maximum  expected  total  number  of  backorders 
at  the  bases  by  setting  meb  to  a  finite  value.  NEGBI  provides  such  a 
good  approximation  to  the  base  pipeline  distributions  that  there  was 
little  loss  in  accuracy  in  using  NEGBI  to  project  both  the  average 
and  maximum  expected  total  number  of  backorders  at  the  bases. 

Once  we  accept  the  fact  that  the  negative  binomial  is  a 
satisfactory  approximation  to  a  base's  pipeline  distribution,  it  seems 
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that  further  effort  toward  reducing  run  times  should  be  directed  toward 


approximating  E[Xj(t)l  and  VA&[Xj(t))  and  avoiding  the  cumbersome 
expressions  in  (4.33)  for  ElQj(t)]  and  E(Qj(t)J.  Approximations  that 
significantly  reduce  the  number  of  numerical  integrations  that  need  to 
be  performed  will  significantly  reduce  the  run  times  of  the  FAVP.  This, 
in  our  opinion,  is  the  next  logical  extension  to  the  research  and 
results  presented  in  this  chapter. 
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CHAPTER  VII 


COMPUTATIONAL  EXPERIENCE 


In  this  chapter  we  briefly  discuss  the  sensitivity  of  the 
FAVP  solutions  to  changes  in  the  input  dats.  In  doing  so,  we  shall 
briefly  discuss  the  efficacy  of  using  the  more  convenient  stationary 
models  to  approximate  the  FAVP  results. 

Most  of  the  parameters  of  operation  (PO)  that  are  input  to 
the  FAVP  are  used  to  determine  the  time-dependent  distributions  of  the 
pipelines  at  the  depot  and  bases.  The  demand  intensities  at  the  bases 
stand  out  as  the  most  important  input  elements  since  they  drive  the 
distributions  of  the  bases'  pipelines.  Changes  in  the  order  and  ship 
times,  base  repair  times  and  the  inventory  system's  maintenance  concept 
also  impact  upon  the  base  pipelines.  Changes  in  the  depot  input  parameters 
impact  directly  on  the  depot  pipeline  and  indirectly  on  the  base  pipelines 
through  the  distribution  of  Qj(t),  t  >_0. 

Table  3  illustrates  the  effect  on  total  inventory  investment 
for  the  AAH  helicopter  when  the  demand  intensity  at  each  base  for  each 
item  was  multiplied  by  a  common  scaling  factor  but  the  weapon  system's 
performance  target  was  not  changed.  As  we  see,  the  change  in  inventory 
investment  was  far  less  than  proportional  to  the  change  in  scaling 
factor.  Furthermore,  for  bigger  changes  in  scaling  factor,  the  change 
in  inventory  investment  seemed  less  sensitive  to  the  change  in  the  bases' 
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pipelines.  This  implies  that  if  a  100Z  increase  in  the  bases'  pipelines 
causes  a  50Z  increase  in  inventory  investment,  an  additional  100Z  increase 
in  the  bases'  pipelines  will  result  in  less  than  an  additional  50Z  increase 
in  inventory  investment . 


Trills.  _3 


Impact  s|  C|mai  1st— «itie«  on  Inventory  Investment  for  the  AAB 

Scaling  Factor  Inventory  investment  (Millions  $) 


.5 


1 

2 

4 

8 


2.37 

3.89 

5.20 

7.33 

8.87 


In  Table  4,  we  again  changed  the  intensities  of  the  demand 
for  items  on  the  AAH  by  a  scaling  factor,  but  this  time  we  held  all 
asset  levels  fixed  at  the  values  obtained  when  the  scaling  factor  was  1. 
Note  that  the  decrement  in  backorder  ratio  (Chapter  VI)  appears  to 
be  more  than  proportional  to  the  change  in  scaling  factor  but  seems  to 
be  less  sensitive  to  larger  changes  in  the  scaling  factor. 

The  FAV?  selects  the  least  cost  asset  vector  that  achieves 
the  performance  targets.  Unit  prices  have  absolutely  no  impact  upon  the 
pipeline  calculations  for  a  particular  asset  vector.  By  examining 
Algorithms  A1  and  A2,  we  can  see  that  if  every  unit  price  changed  by 
the  same  percentage,  the  FAV?  would  produce  exactly  the  same  stock  list 
to  meet  the  performance  targets.  This  is  encouraging  as  economic 
tradeoffs  should  be  based  on  relative  and  not  absolute  costs. 


o  % 
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If  only  some  unit  prices  change,  the  FAVF  will  try  to  substitute  cheaper 
items  for  the  more  expensive  ones. 

There  are  economies  of  scale  to  be  had  by  consolidating 
bases.  Two  bases  each  with  a  deployment  of  50  AAH  helicopters  will 
generally  require  a  higher  total  inventory  investment  to  achieve  the 
same  performance  as  one  base  with  100  helicopters.  This  is  a  special 
case  of  the  results  in  Table  3. 

Finally,  the  FAVP  results  can  be  extremely  sensitive  to  the 
initial  system  condition  and  the  length  of  the  scenario.  Table  5  shows 
the  budget  requirements  in  order  to  achieve  approximately  a  5Z  backorder 
ratio  for  the  AAH  for  various  scenario  lengths.  For  this  run  the  AAH 
usage  modifiers  (Appendix  B)  were  set  to  1  so  that  the  system  would 
eventually  reach  steady  state.  All  assets  were  assumed  on-hand  and 
ready  for  issue  at  time  0. 

We  note  from  Table  5  that  the  steady  state  budget  was  considerably 
more  than  the  $2.42  million  required  for  the  original  30  day  scenario. 
This  was  simply  due  to  the  fact  that  stationary  models  ignore  the 
initial  conditions  and  horizon  length.  We  could  have  changed  the 


Table  5 


AAH  gadjtfitl  for  Tari ail  g fjda  »*h« 


Scenario  Length  (Davs) 
5 

10 

30 

60 

Steady  State 


Budget  (Millions  $) 
1.04 
1.77 
2.42 
4.61 
6.97 

(Run  time:  382  sec) 


initial  system  condition  so  that  the  stationary  model  would  understate 
the  budget  requirements.  It  is  clear  from  Table  5  that  one  must  proceed 
cautiously  when  using  stationary  models  to  approximate  solutions  of 
non-stat ionary  models. 

There  are,  of  course,  many  heuristics  one  could  try  to  improve 
upon  the  results  of  the  stationary  models.  Table  6  shows  the  results 
of  one  such  heuristic.  We  used  SESAME  (U.S.  Army  [1983])  to  optimize 


Table  6 

Evaluation  of  Stationary  ModQ'f  jBggMggjd  trrnrb 

Scenario  Length  (Davs)  Budget  (Millions) 

5  1.39 

10  2.08 

30  2.96 

60  5.34 


Steady  State 


6.97 


but  evaluated  the  final  aolutions  using  the  FAVP  methodology.  The 
SESAME  search  routine  with  the  FAVP  evaluator  found  the  budget  required 
to  achieve  approximately  a  5Z  backorder  rate  for  various  horizon  lengths. 
Note  that  run  times  were  reduced  by  a  factor  of  18. 

Once  the  usage  modifier  was  set  to  1,  the  AAR  had  no  non¬ 
atationary  PO.  It  is  certainly  worthwhile  to  investigate  further  the 
efficacy  of  using  a  stationary  model  to  approximate  the  FAVP  results 
when  all  the  PO  are  non-s  tat  ionary .  (Ve  made  no  attempt  to  do  so). 
This  would  require  adjustment  of  the  data  (possibly  averaging)  to  meet 
the  input  capabilities  of  the  stationary  models.  Besides  run  time 
savings,  stationary  models  are  also  convenient  in  that  they  require 
less  data  on  the  behavior  of  the  PO  than  the  FAVP  does.  Being  able  to 
approximate  FAVP  results  without  the  associated  data  collection  and 
input  effort  is  a  major  reason  for  using  stationary  models  to  approximate 
the  results  of  non-atat ionary  models.  This  is  one  area  we  feel  deserves 
a  considerable  amount  of  further  research  and  study.  As  multi-echelon 
systems  grow  both  in  the  number  of  locations  and  the  number  of  items, 
judicious  use  of  stationary  models  (including,  possibly,  coordinated 
single  echelon  policies)  may  be  the  only  practical  wsy  to  obtain  cost 
effective  operating  policies. 


Next  page  is  blank. 
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CHAPTER  VIII 


THE  ASSET  VECTOR  TRANSFORMATION  PROBLEM 

The  tvo  fundamental  questions  that  arise  in  controlling 
inventories  are  when  and  how  much  to  order.  The  FA  VP  answered  these 
questions  by  determining  the  initial  asset  vector  at  time  0  and  by  following 
a  strict  one-for-one  resupply  policy  thereafter.  This  resulted  in  a 
constant  asset  vector  and,  consequently,  constant  total  system  stock 
over  the  horizon.  For  many  non-s tat ionary  systems  it  is  infeasible  to 
change  the  asset  vector  during  the  horizon.  This  could  be  due  to  any 
and  all  of  the  following: 

a.  A  short  time  horizon  which  prevents  external  procurement 
and  expeditious  redistribution  of  assets. 

b.  Lack  of  asset  visibility  and  control  (e.g. ,  a  combat  unit) . 

c.  High  cost  of  effecting  desired  changes  in  the  asset 
vector  during  the  horizon. 

For  these  systems,  the  FAVP  is  a  satisfactory  method  for  determining  an 
optimal  asset  policy.  However,  in  many  non-stat ionary  systems  we 
might  reasonably  expect  that  not  only  may  the  optimal  asset  vector 
change  over  time  but  also  that  the  total  system  stock  may  change  during 
the  horizon.  In  order  to  accomplish  these  changes,  management  will 
intervene  in  the  normal  one-for-one  resupply  operations  of  the  system 
by  directing  procurements,  disposals  and/or  redistributions  of  assets. 
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These  management  interventions  along  with  the  initial  asset  vector  and 
the  one-for-one  resupply  policy,  completely  ansver  the  when  and  how 
much  to  order  questions  for  non-stat ionary  inventory  systems.  The 
methods  and  costs  involved  in  effecting  these  management  decisions  play 
an  important  part  in  determining  an  optimal  operating  policy  for  the  system. 

In  this  chapter  we  explore  some  of  the  issues  involved  in 
characterizing  and  specifying  an  optimal  inventory  control  policy  for 
non-stat ionary  systems.  We  introduce  the  Asset  Vector  Transformation 
Problem  (AVTP),  a  stochastic  transshipment  problem  which  begins  to 
tackle  the  question  of  if,  when,  and  how  management  should  intervene  to 
effect  asset  vector  changes  during  the  horizon.  The  AVTP  and  the  PA  VP 
together  form  a  tool  for  analysis  and  determination  of  operating  policies 
for  non-stat ionary  multi-echelon  inventory  systems. 

Characterization  of  Optimal  Operating  Policies 

An  operating  policy  must  specify:  an  asset  policy;  an  ordered 
set  of  management  intervention  times,  MT,  at  which  procurement,  disposal 
and/or  redistribution  decisions  are  to  be  made;  and  the  method  for 
accomplishing  any  planned  procurements,  disposals,  and  redistributions. 
Between  times  in  MT,  the  system  follows  normal  one-for-one  resupply  rules. 
At  times  in  MT,  disposals  and  new  procurements  always  result  in  changes 
in  the  asset  vector  and  the  system  "condition"  (see  Chapter  I).  Redis¬ 
tributions  may  change  the  asset  vector  but  they  always  change  the 
system  condition.  The  choice  of  an  asset  vector  for  intervals  between 
management  intervention  times  should  therefore  reflect  the  changes  in 
system  condition  brought  about  by  management  decisions.  However,  the 
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choice  of  an  asset  vector  for  each  interval  should  also  reflect  the  coat 
involved  in  transforming  one  asset  vector  to  another.  These  costs 
can  be  significant  when  scenarios  dictate  extensive  management  directed 
procurements,  disposals,  and  redistributions. 

He  wish  to  choose  an  operating  policy  from  among  all  feasible 
operating  policies  so  that  operating  costs  (costs  to  review,  procure, 
dispose,  hold,  and  redistribute)  are  minimized  subject  to  constraints 
on  the  average  and  worst  performance  over  the  horizon. 

Define 

“  holding  cost  for  a  unit  of  item^  between 
times  tj  and  t2» 

R(t)  •  cost  of  a  management  review  at  time  t; 

M  -  cardinality  of  MT; 

MC(8++(t_)  ,s++(t)  ,t)  ■expected  cost  of  effecting  a  management 
decision  at  t  which  will  result  in  a  change  in  the 
asset  vector  from  s++(t~)  to  s++(t+)  and/or  in  a  change 
in  the  system  condition; 

s++(’)  ■  an  asset  policy; 

AEBO[s++(*)]  ■  the  average  expected  total  number  of 
backorders  at  the  bases  over  the  horizon  given  the 
asset  policy  s++(*); 

MEBO[s++( *)J  ■  maximum  value  over  the  horizon  of  the 
expected  total  number  of  backorders  at  the  bases  given 
the  asset  policy  s++(*); 

t0  “  0. 

Then,  the  problem  of  determining  an  optimal  operating  policy  can  be 
formulated  as  finding  MT  and  s++(*)  that  solve: 


um  vi  u  a  \mwv  wizn  uiriTiTii.ro  kt  ha uvww.vm^  l  *»  *>  u>  W  «■ 
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Ji(  l  hi(t-1't.)lV<Vi>'V 

+  Ret,,)  +  MC(eH+Ctn.1),  tB)> 

+  ^  hi(tM’T^5l+(tM^'1N' 

*ES0l8+t(.)3  <  Ub  (g.D 

MEB0[s|  j  (•)]  <_  meb 
fcl  -  t2  - 

8^(0  0  and  integer  for  all  t. 

The  FAVP  (5.2)  is  a  special  case  of  (8.1)  obtained  by  assuming 
either  R(t)  or  MC(s++(t"’),s++(t),t)  is  infinite  for  all  t  >  0.  This  implies 
that  it  is  infeasible  for  management  to  intervene  during  the  horizon. 
Therefore,  M  is  zero,  h^(0,T)  is  simply  C£  and  there  is  no  need  to 
worry  about  finding  the  most  cost  effective  ways  to  implement  management 
decisions.  It  is  important  to  note  thst  the  solution  to  the  FAVP 
(5.2),  along  with  setting  MT  equal  to  the  null  set,  is  a  feasible 
solution  to  (8.1). 

(8.1)  is  solved  at  time  0  to  determine  the  optimal  operating 
policy  for  a  system  using  an  HCP.  MT  is  therefore  fixed  at  time  0  and 
operating  policies  may  be  expressed  as  functions  of  the  system  condition 
at  the  times  in  MT.  The  system  condition  at  any  future  time  can  only 
be  described  stochastically.  The  cost  of  effecting  any  management 
decisions  at  times  in  MT  clearly  depends  upon  the  system  condition  at 
these  times.  Therefore,  this  cost  is  a  random  variable  and  is  included 
in  the  objective  function  via  its  expected  value. 

Under  a  RTCP  we  have  complete  knowledge  of  the  system  condition 
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at  the  current  decision  time.  Hovever,  (8.1)  must  still  be  solved  at  each 
decision  time  since  our  current  decision  may  depend  upon  what  we  expect 
to  do  in  the  future.  Thus,  under  a  RTCP,  MT  and  operating  policies  may 
be  changed  each  time  (8.1)  is  solved.  The  cost  of  effecting  any  management 
decision  at  the  current  decision  time  is  deterministic  but  the  cost  of 
any  future  decisions  is  again  a  random  variable. 

The  optimization  problem  (8 .1 )  is  very  difficult  to  solve.  Later, 
we  shall  briefly  discuss  a  heuristic  for  solving  (8.1)  when  MT  is  fixed 
at  time  0.  Before  doing  so,  however,  we  need  to  introduce  the  AVTP,  a 
stochastic  transshipment  model  that  determines  MC(s++(t~) ,s++(t) ,t)  for 
any  candidate  time  t  and  any  candidate  asset  policy. 

Formulation  of  the  AVTP 


Let  tm,  1  <_m  <_M,  be  a  management  intervention  time  in  MT  and 
consider  the  problem  of  transforming  the  system  asset  vector  from 
s++(tm_i)  to  s++(tm) .  Let  AS^(t)  ■  s^+(t)  *  1N  and  define  for  each 
item  i  ■  1,2, . . ,1 , 

“VVl-*.5  -  <ki  0  ik  <  S,  .ik(t..!)  > 

■  <k; 0  ik  i».  <  •«,<'.» 

“VVl-'m5  ■  <k>  0  <  k  •ik<Vl>  '  *ik<‘.» 

as  the  set  of  locations  for  which  the  item  i  asset  level  decreases, 
increases  or  remains  the  same,  respectively.  For  each  item  we  can 
identify  the  following  cases: 

Case  la:  AS£(tn_j)  m  A®j(tm);  8Q£(tm_i  »tm)  “  (0,1,...,N). 


No  procurements,  disposals  or  redistributions  are 
necessary  unless  management  wishes  to  change  the 


system  condition  by  forcing  locations  either  to 
exchange  on-hand  assets  for  on-order  assets  or  to 
exchange  one  type  of  on-order  asset  for  another  type 
of  on-order  asset. 

Case  lb:  AS,(t  ,)  -  AS,(t  ):  EO,(t  i .t_)  *  {0.1 . N>. 

— — —  i  mi  1  m  l  mi  m 

Procurements  and  disposals  of  item  i  are  necessary 
only  if  the  system  condition  at  tm  prevents  a  re¬ 
distribution  of  assets  to  attain  s++(tm). 

Case  2a:  ASi(tm_1)  <  AS^ tm>  ;  DCi(tffi_1  ,tm)  empty. 

Procurements  are  necessary  to  raise  the  asset  positions 
of  the  locations  in  IN^C  t  j  ,tm)  to  their  target  values. 
Case  2  b :  AS^t^)  <ASi(tffl);  DC^  t^j  ,tm)  not  empty. 

Along  with  external  procurements  there  must  be  a 
redistribution  of  current  assets  between  locations  in 

DC  ■ ( t__i , t_)  and  IN,(t__i ,t_) . 
l  m-i  ’  m  l  m  l •  m 

Case  3a:  AS_-(t_  i)  >  AS-(t_  ):  IN-( t i  . t_)  emptv. 

— — —  r  ml  l  m  l  mi  m  r  J 

Disposals  mu6t  be  made  to  lover  the  asset  positions 

of  the  locations  in  DC^(  tm_j  , tffi)  to  their  target  values . 
Case  3b:  AS-(t_  i)  >  AS  ■  ( t  ) ;  IN_-(t_  i.t_)  not  emptv. 

——— —  i  mi  l  m  l  mi  *  m  r  J 

Along  with  disposals,  there  must  be  a  redistribution 

of  asBetB  between  locations  in  DC>(t  _i  ,t  )  and 

l  mi  m 

l  m  i  ’  m 

The  depot  and  basej  may  exchange  an  asset  either  by  direct 

shipment  or  by  the  creation/cancellation  of  a  backorder  at  the  depot 

belonging  to  base;.  Base;  and  base<,  may  exchange  an  asset  either  by 
J  J  N 

direct  shipment  or  by  the  reassignment  to  one  base  of  a  depot  backorder 
belonging  to  the  other  base.  (By  assumption,  all  backorders  outstanding 


at  a  base  belong  to  primary  customers  and  not  to  other  bases).  Any  redis¬ 
tribution  of  assets  consists  of  a  composition  of  these  basic  exchange 
methods.  We  see  that  the  ability  to  change  from  one  asset  vector  to 
another  depends  upon  the  system  condition  at  the  time  the  change  is 
planned.  For  example,  if  basej  is  in  DC£(tm_i ,tm)  and  the  depot  is  in 
^i^m-l’^m^  there  can  be  no  direct  exchange  of  an  asset  unless  at  tm 
either  basej  has  a  unit  on-hand  or  there  is  a  depot  backorder  belonging 
to  basej.  If  this  is  not  the  case,  the  only  way  to  attain  the  new 
asset  vector  is  by  a  simultaneous  procurement  at  depot  and  disposal  at 
basej.  It  is  highly  unlikely  this  will  ever  be  desirable.  Rather,  it 
vould  probably  be  better  to  seek  an  adjustment  to  a  different  asset  vector. 

Define,  for  i  *  1,2, ..,1  and  j  *  0,1, ...,N: 

OH-  -(t)  »  number  of  units  of  item;  on-hand  at  location  • 


at  time  t; 


Zij(t)  *  number  of  depot  backorders  of  item^  at 

time  t  belonging  to  location j; 
x^jk  *  number  of  on-hand  units  of  item^  directly 

shipped  from  locationj  to  location^; 
ds^j  ■  number  of  disposals  of  item^  at  locationj ; 

pr^j  ■  number  of  new  procurements  of  item^  at 

location j ; 

cb^j  ■  number  of  item^  depot  backorders  belonging 

to  locationj  that  are  cancelled; 
nb ^  j  ■  number  of  item^  depot  backorders  created  that 

belong  to  locationj; 

CX i jk ( x i jk >  “  C08t  directly  shipping  units; 

CCB^jCcb^j)  ■  co 8 1  of  cancelling  cb^j  depot  backorders; 


“  *  ^  N  ■-  A  .  ‘.  A  : 


CNB£j(nt>£j)  -  coet  of  creating  nb  —  depot  backorders; 

CPR  — (pr  — )  ■  cost  of  procuring  pr  —  units; 

CDS  — (ds  — )  *  co 8 1  of  disposing  ds  —  units. 

The  AVTP  at  time  tm  can  now  be  formulated  as  a  stochastic 
transshipment  problem: 


I  N 

Min  l  l  E{CCB  (cb .,)  +  CNB  (nb  ) 
i=l  j-0  2  2  2  2 

+  CPR^  (Prij  )  +  CDS  (ds±^  )  + 


(8.2) 


subject  to: 

(la)  For  i  “  1,...,I  and  j  «  1,...,N: 

y  x...  +  cb..  +  ds.,  -  y  x,.  .  -  nb 
k»j  lj k  11  *  lly  1J 


-  Pr 


lj 


(lb)  For  i  -  1,. . . ,1: 


k^O 

txiOk  +  nbik^  +  dsi0  ~ 

l  txik0  +  ct 

k^o  ilcU 

'ik1  -  pri0 

Si0(tm-1: 

’  "  siO(tm); 

(2) 

dSij 

“  Zij(tm) 

i  -  1, ... ,1; 

j  =  0,1,.. •  ,N ; 

(3) 

l 

xijk 

i  =  1 1  •  •  • » I  > 

j  =  0,1, . . . , N ; 

(4) 

Cbij 

i  =  1  >  •  •  •  9 1  v 

j  =  0,1, ... ,N; 

(5) 

l 

Xijk  -  aij 

i  “  1  *  •  •  •  >  1 1 

j  =  0,1 . N; 

(6) 

l 

Xikj  -  uij 

i  *  1  f  •  •  •  9  I  > 

j  =  0,1 . N; 

where  all  variables  are  non-negative  integers. 


Constraint  (1)  is  a  balance  constraint  ensuring  that  the  new 
asset  vector  is  attained.  Constraint  (2)  restricts  the  disposals  at 
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locationj  to  the  number  of  units  on-hand,  in  diagnosis,  in  repair  and 
en  route  from  the  depot  at  tm  Constraint  (3)  ensures  that  no  location 
ships  more  units  than  are  on-hand  while  constraint  (4)  requires  that 
the  number  of  depot  backorders  belonging  to  locationj  that  are  cancelled 
at  tm  be  les6  than  the  number  outstanding.  Constraints  (5)  and  (6)  are 
additional  supply  and  demand  constraints  by  which  management  can  alter 
the  system  condition  at  t  by  requiring  some  locations  to  exchange 
on-hand  assets  for  on-order  assets.  These  constraints  may  be  employed 
to  change  the  system  condition  at  tm  even  though  there  may  be  no  desire 
to  change  the  asset  vector.  For  example,  (5)  and  (6)  can  be  used  to 
require  a  base  in  EQ^( tm_j ,tm)  to  send  an  on-hand  unit  to  another  base 
that  is  expected  to  have  many  customer  demands  backordered  at  tm 
Since  the  sending  base  is  in  EQ£(tm_j  ,tm) ,  this  base  must  receive  a 
replacement  asset  that  will,  perforce,  be  on-order.  In  fact,  if  management 
set6  a^j  *  locationj  will  be  required  to  Bhip  all  its  on-hand 

units.  Some  or  all  of  these  units  may  be  replaced  by  on-order  assets 
in  the  form  of  external  procurements  and/or  the  creation  of  new  depot 
backorders  belonging  to  locationj. 

It  is  reasonable  to  assume  that  for  all  n^j  >_0, 

CNBij(nij)  ^iOj^Di i*l,...Ij  j*l,...N, 
since  creating  a  depot  backorder  belonging  to  basej  will  eventually 
require  shipping  a  serviceable  unit  from  the  depot  to  basej  that  otherwise 
would  not  have  been  shipped.  Under  this  assumption  the  depot  will  prefer 
to  ship  units  that  are  on-hand  rather  than  to  create  new  backorders .  This 
ensures  that 


and  thereby  prevents  the  depot  from  having  any  backorders  outstanding 
while  it  also  has  on-hand  stock. 

The  AVTP  (8.2)  can  be  augmented  with  additional  constraints 
that  affect  the  system  condition  by  forcing  a  location  to  exchange  one 
type  of  on-order  asset  for  another  type  of  on-order  asset,  these 
constraints  can  also  be  used  to  change  the  system  condition  without 
changing  the  asset  vector.  For  example,  at  time  tB  a  base  in  IN^ tm_j  ,tffl) 
lDCi(tm-l*tm)1  can  pass  a  procurement  (disposal)  action  to  a  base 
in  EQ- (tm_j ,t0)  in  exchange  for  the  reassignment  of  an  outstanding 
depot  backorder  belonging  to  the  latter  (former)  base.  In  this  case, 
the  latter  (former)  base  loses  (gains)  ownership  of  an  outstanding 
depot  backorder  in  exchange  for  a  procurement  (disposal)  at  that  location. 
Constraints  of  thi6  type  are  similar  to  (5)  and  (6)  in  that  they  are 
bounds  on  the  number  of  procurements  and  disposals  at  a  location. 

If  a^j  *  u^j  -  0,  (8.2)  always  has  a  feasible  solution  as 
s++(tm)  can  be  achieved  via  procurements,  disposals  and  the  creation 
and  or  cancellation  of  outstanding  depot  backorders.  The  AVTP  is 
then  a  stochastic  transshipment  problem  with  full  recourse.  If  either 
a^j  or  u^j  is  positive,  (8.2)  may  not  have  a  feasible  solution  indicating 
that  the  new  asset  vector  cannot  be  achieved.  In  this  case  management 
must  decide  on  an  alternate  asset  vector  until  the  next  management 
intervention  time. 

For  a  discussion  of  solution  techniques  for  stochastic  trans¬ 
shipment  problems,  the  reader  is  referred  to  Madansky  (1960),  Walkup 
and  Wets  (1966),  Ziemba  (1970a,  1970b),  Huang  et.  al.  (1977),  Wets  (1979) 
and  Dempster  (1980). 


In  principle,  specifying  an  optimal  operating  policy  requires 
decision  rules  for  the  selection  of  an  asset  vector  for  every  possible 
realization  of  the  system  condition  at  times  in  MT.  However,  these 
rules  are  computationally  cumbersome  to  obtain  and  probably  impractical 
to  implement  in  systems  with  many  items  and  bases.  In  this  section  we 
propose  to  restrict  the  form  of  the  decision  rules  and  to  use  the  FAVP 
and  AVTP  to  restrict  the  set  of  candidate  asset  policies.  The  FAVP  and 
AVTP  thereby  form  a  basis  for  a  heuristic  for  determining  an  effective 
operating  policy. 

For  expository  purposes  we  assume  that  MT  is  fixed  at  time  0 
and  consists  of  a  lone  element,  t  .  The  generalization  to  fixed  MT 
with  cardinality  larger  than  one  is  straightforward.  Say  we  have  a  set 
of  candidate  asset  vectors,  Vq,  with  the  property  that  each  asset 
vector  in  Vq  satisfies  the  performance  constraints  in  (8.1)  during 
[0,t*>.  For  each  vq  in  Vq  let  Vj(vq)  be  the  set  of  companion  asset 
vectors  for  use  in  (t  ,T] .  For  each  vj(vq)  in  Vj(vq),  the  asset  policy 
[ Vq «vi( Vq) ]  ,  along  with  the  AVTP  solution  for  transforming  vq  to  v^(vq), 
satisfies  the  performance  constraints  in  (8.1)  during  [0,T].  He  restrict 
ourselves  to  operating  policies  of  the  following  form: 

a.  At  time  0  an  asset  policy  [vq,  Vj(vq)]  is  chosen 
that  minimizes  holding  and  expected  asset  vector 
transformation  costs  over  the  horizon; 

b.  At  t  the  system  always  switches  from  vq  to  Vj(vq) 
regardless  of  the  system  condition  at  t  . 

it 

If  a^j  ■  u^j  *  0  for  all  i  and  j,  the  change  at  t  can  always 
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be  accomplished  (with  a  cost  that  depends  on  the  actual  system  condition 
at  t*).  Management  can  elect  to  have  system  condition  constraints  in 
the  AVTP  and  still  ensure  that  property  b  holds  by  replacing  each  a^j  with 
Min  end  each  u^j  with 

Min  [u..,  I  OH  ]. 

3  k*j 

A  consequence  of  property  b  is  that  at  t*  the  system  asset  vector  always 
changes  to  Vj(vq)  even  though  for  a  particular  realization  of  the 
system  condition  at  t*,  v*(vq)  may  no  longer  satisfy  the  performance 
constraints  during  [t*,T].  For  a  system  under  an  HCP  this  is  reasonable 
as  v*(vq)  was  chosen  with  cognizance  of  this  possibility.  In  fact,  it 
is  quite  likely  that  under  an  HCP  management  would  not  have  enough 

ic  it  It 

information  on  the  system  condition  at  t  to  realize  that  Vj(vq)  is  no 
longer  feasible. 

Restricting  operating  policies  to  the  form  above  reduces  the 
problem  to  choosing  vq  in  Vq  and  Vj(vq)  in  Vj(vq)  that  minimizes 

HCq(vq)  ♦  HC1(v1(v0))  +  MCCvq.VjCvq) ,t*)  (8.3) 

where  HCq(v)  is  the  holding  cost  of  asset  vector  v  during  [0,t*)  and 
HCj(v)  is  the  holding  cost  of  asset  vector  v  during  [t*,Tl.  (8.3)  is 

formidable  and  cumbersome  to  solve  unless  the  sets  of  candidate  asset 
vectors  are  small.  The  second  part  of  the  heuristic  uses  the  FAVP  and 
AVTP  to  construct  small  sets  of  candidate  asset  vectors. 

Say  vq  is  fixed  in  (8.3).  Let  f^(vg)  be  the  solution  to  the 
FAVP  for  [t*,T]  with  initial  system  condition  determined  by  vq  and 
the  methods  for  transforming  from  vq  to  ^(vq)  (obtained  from  the 
AVTP).  Ve  note  that  the  asset  policy  [vQ,fj(vQ))  is  feasible  and  has  cost 


HCq(v)  +  HCj^jWq))  +  MC(v0,f1(v0),t*).  (8.4) 
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Since  fj(vg)  is  the  FAVP  solution,  any  other  vector  in  Vj(vg)  oust 
necessarily  have  higher  holding  costs  in  It*,T] .  Therefore,  if  [vq.v^vq)] 
has  lover  total  cost  than  (8.4)  it  must  be  true  that 
MC(vQ,fj(vQ) ,t*)  -  HC(vq,vj(vq) ,t*)  >.HCj  (vj(vq) )  -  HC^f^vg))  (8.5) 
There  are,  of  course,  many  asset  vectors  in  Vj(vq)  for  vhich 
(8.5)  may  hold .  However ,  ve  restrict  attention  to  vectors  vj(vq)  >_  fj(vg) 
so  that  holding  costs  increase  since  no  asset  position  for  any  item 
decreases  at  any  location.  This  ensures  that  the  asset  level  for  each 
item  at  each  location  is  at  least  as  large  as  the  level  that  would  have 
been  obtained  from  solving  the  FAVP  for  [t*,T]  with  the  proper  initial 
system  condition.  (The  Army  (U.S.  Army  [1983])  uses  a  similar  policy  when 
changing  peacetime  asset  levels  at  a  management  review  time).  If 
fj(vg)  —  v0  t*iere  can  be  no  larger  companion  vector  for  vhich  (8.5) 
holds  since  the  larger  vector  must  necessarily  incur  more  transformation 
costs.  In  this  case,  v*(vq)  *  fj(vQ). 

Now  assume  fj(vg)  is  not  >.  Vq .  We  restrict  Vj(vq)  to  vectors 
Vj(vq)  such  that  for  every  item^,  i  ■  1 . 1  and  location j,  j  *  0,1,... N, 

vlij<v0)  “  f li j(v0)  if  flij(v0)  —  v0i j  * 

flij^v(P  -vlij^v(P  -  v0i j  otherwise.  (8.6) 

(Note  that  ve  have  extended  the  notation  in  the  obvious  manner).  All  such 
asset  vectors  are  feasible  since  fj(vg)  satisfies  the  performance 
constraints  in  (t*,T],  From  (8.2)  and  (8.6)  we  see  that  the  cost  of 
transforming  vq  to  any  vj(vq)  in  Vj(vq)  is  no  larger  then  the  cost  of 
transforming  vq  to  fj(vg).  The  cost  of  transforming  vq  to  any  vj(vQ) 
in  Vj(vq)  can  be  obtained  precisely  by  a  parametric  solution  of  the 
AVTP  for  vq  and  fj(vg).  The  parameters  are  the  right  hand  sides  of  the 
balance  constraints  for  the  items  and  locations  for  which  vqjj  >  fj£j. 


In  this  manner,  the  transformation  costs  for  all  vectors  in  V^(vq)  can 
be  obtained  by  solving  only  one,  albeit  parametric ,  stochastic  transshipment 
problem. 

It  is  now  a  straightforward  matter  to  select  v^(vq)  as  the 
asset  vector  in  Vj(vq)  that  minimizes  the  sum  of  transformation  and 
holding  costs  in  [t*,T].  Depending  on  the  cost  structure  it  may  be 
possible  to  further  reduce  the  computational  burden.  For  example,  say 
that  it  is  possible  to  order  Vj(vq)  so  that  the  holding  cost  is  an 
increasing  convex  function  on  Vj(vq)  and  the  transformation  cost  is  a 
decreasing  concave  function  on  V^(vq).  We  can  then  select  v*(vq)  as 
the  first  asset  vector  for  which  the  increase  in  holding  cost  exceeds 
the  decrease  in  transformation  cost. 

All  that  remains  is  the  selection  of  Vq.  Let  fQ  be  the 
solution  of  the  FAVP  over  [0,t  ).  The  best  asset  policy  using  fp  has  cost 
TC(f0)  -  HC0(f0)  ♦  HCj[v*(f0)]  +  MC[f0,v*(f0),t*]. 

Vq  should  therefore  contain  all  vectors  vq  that  are  feasible  in  [0,t*) 
and  satisfy  HCq^q)  £HCq(vq)  £TC(fQ).  However,  we  shall  assume  that 
for  all  Vq  in  Vq,  HCjIv*(vq)]  *  HCj[v*(fQ)].  Vq  can  then  be  restricted 


to  the  vq  such  that 


HCq(vq)  £HC0(f0)  +  MC[f0,vJ(f0),t*]. 


(8.7) 


There  may  be  many  asset  vectors  that  satisfy  (8.7).  Some  of  these 
vectors  are  obtained  during  the  implicit  enumeration  scheme  (see  Chapter  V) 
used  to  determine  fQ.  The  heuristic  restricts  Vq  to  precisely  these 
asset  vectors.  Hopefully,  this  will  reduce  Vq  to  a  manageable  size. 
Otherwise,  it  may  be  necessary  to  further  reduce  the  size  of  Vq  using 
heuristics  based  on  the  special  cost  structure  of  a  particular  problem. 

In  summary,  the  steps  of  the  heuristic  we  propose  are: 


(1)  Determine  f q  end  f^(fQ>.  Set  vq  ■  f0.  Set  the 
cost  of  the  incumbent  solution  to  infinity. 

(2)  If  f j ( Vq )  >.vq  set  v j ( Vq)  ■  fj(vg)  and  go  to  step  5. 
Otherwise,  construct  Vj(vq)  using  (8.6). 

(3)  Parametrically  solve  the  AVTP  for  vq  and  f|(vg) 
thereby  determining  the  transformation  costs  for 
all  Vj ( Vq)  in  Vj(vq). 

(4)  Find  v*(vq)  that  minimizes 

HCjCvjCvq))  +  MC(vq,Vj(vq) ,t*) . 

(5)  If  the  cost  of  [ Vq ,v*( Vq) ]  in  (8.3)  is  less  than 
the  cost  of  the  incumbent,  set  Ivq,Vj(vq)]  as  the 
incumbent  asset  policy. 

(6)  If  vq  ■  fQ  construct  Vq  using  (8.7).  Otherwise,  go 
to  step  7. 

(7)  If  all  elements  of  Vq  have  been  examined,  stop. 
Otherwise,  choose  a  new  vq  and  return  to  step  2. 

This  heuristic  can  be  considered  to  be  myopic  in  the  sense 
that  if  transformation  costs  are  assumed  to  be  irrelevant  and  arbitrarily 
set  to  0,  the  heuristic  sets  vq  to  the  FAVP  solution  over  [0,t*).  In 
fact  the  ultimate  myopic  heuristic  would  set  Vq  *  Iq  and  never  bother 
with  the  construction  of  Vq.  This  would  greatly  reduce  the  computational 
burden  as  only  one  parametric  AVTP  would  need  to  be  solved  to  determine 
an  asset  policy. 

Assume  that  conditions  are  such  that  we  are  certain  that  at 
t*  the  asset  position  of  every  item  at  every  location  should  increase. 
Furthermore,  say  for  all  vq  in  Vq,  fj(vg)  >_  Vq.  The  heuristic  then 
chooses  among  asset  policies  of  the  form  [vQ,fj(vQ)].  It  is  interesting 


to  note  that  the  heuristic  may  not  select  and  the  optimal  solution  may 
not  be  I  fQ ,f x(f 0) 3  -  This  is  because  transformations  are  not  instantaneous 
so  that  some  vector  other  than  fQ  may  leave  the  system  better  positioned 
at  t*.  This  can  result  in  a  significant  reduction  in  holding  costs 
over  [t*,t)  than  would  result  if  E f q » f 2 ( f 0> ^  were  selected  as  the  asset 
policy. 

Summary 

In  this  chapter  we  generalized  the  FA VP  by  allowing  management 
to  change  the  asset  vector  at  any  time  during  the  horizon.  We  gave  a 
brief  overview  of  the  issues  and  difficulties  involved  in  obtaining 
solutions  (operating  policies)  to  this  more  general  problem.  We  showed 
that  an  operating  policy  must  consider  the  costs  and  methods  of  transforming 
one  asset  vector  to  another.  For  this  reason  we  introduced  the  AVTP 
and  showed  that  the  FAVP  solution  was  an  integral  part  of  the  solution 
of  the  general  inventory  control  problem.  This  general  inventory  control 
problem  appears  to  be  very  difficult  and  cumbersome  to  solve.  However, 
we  outlined  a  heuristic  using  the  FAVP  and  AVTP  to  obtain  approximately 
optimal  operating  policies  for  non-stationary  multi-echelon  inventory 
systems . 


■;/ v.v.v. 


CHAPTER  IX 


SUMMARY  AND  EXTENSIONS 

Summary 

The  main  goal  of  this  dissertation  was  to  develop  a  model  and 
methodology  for  determining  "cost  effective"  asset  policies  for  a  two 
echelon  non-stat ionary  one-for-one  inventory  system  in  which  primary 
customer  demands  at  the  bases  form  mutually  independent  NHPP.  In  order 
to  accomplish  this,  it  was  necessary  to  do  three  things.  First,  we  had 
to  obtain  the  time  dependent  distributions  of  the  pipelines  at  the  depot 
and  bases.  In  Chapter  III  we  derived  the  depot  pipeline  distribution 
by  considering  the  depot  as  8  single  echelon  inventory  system  unto 
itself.  In  Chapter  IV  we  studied  the  supply  interactions  between  the 
depot  and  bases  and  thereby  derived  the  time  dependent  distributions  of 
the  bases'  pipelines  as  functions  of  the  depot's  asset  policy.  Ve  also 
studied  and  obtained  results  on  other  important  stochastic  processes 
that  arise  at  the  depot  and  bases.  These  results  were  used  to  derive 
the  time  dependent  distributions  of  customer  wait  at  the  bases  and  the 
time  dependent  distribution  of  the  delay  at  the  depot  before  satisfying 
a  base  resupply  request. 

Secondly,  we  had  to  precisely  define  what  we  meant  by  a  cost 
effective  (efficient)  asset  policy.  In  Chapter  V  we  discussed  the 


problem  of  choosing  meaningful  inventory  performance  measures  that 
adequately  distinguished  and  ranked  different  asset  policies  for  a 
non-stat ionary  system.  Ve  decided  that  two  performance  measures  were 
necessary:  one  to  monitor  average  performance  over  the  horizon  and  one 
to  monitor  the  worst  performance  over  the  horizon.  Specifically,  ve 
chose  to  measure  the  average  and  maximum  expected  total  number  of  customer 
backorders  outstanding  at  the  bases  over  the  horizon  since  at  any  point 
in  time  a  customer  backorder  directly  corresponded  to  an  inoperable 
weapon  system/end  item.  An  efficient  asset  policy  was  then  defined  as 
an  asset  policy  that  achieved,  at  the  lea6t  cost,  management  specified 
targets  on  the  average  and  maximum  expected  total  number  of  customer 
backorders  over  the  horizon. 

The  FAVP  introduced  in  Chapter  V  assumed  that  during  the 
horizon  management  could  not  change  the  asset  level  of  any  item  at  any 
location.  Therefore,  the  cost  of  an  asset  policy  was  simply  the  cost 
of  procuring  (holding)  the  assets  that  were  placed  at  the  locations  in 
the  system  at  the  beginning  of  the  horizon.  Hence,  an  efficient  asset 
policy  could  be  obtained  by  solving  (5.2). 

In  Chapter  VIII  we  extended  the  FAVP  by  allowing  management 
to  change  the  asset  levels  of  one  or  more  items  at  one  or  more  locations 
at  one  or  more  times  during  the  horizon.  In  that  chapter  we  considered 
the  cost  of  an  asset  policy  as:  the  costs  to  procure,  hold  and  dispose 
assets  during  the  horizon;  the  cost  to  review/observe  the  system  condition 
at  management  review  times;  and  the  cost  of  redistributing  assets  among 
the  locations  in  the  system.  Consideration  of  this  latter  cost  led  to 
the  formulation  of  the  AVTP,  a  stochastic  transshipment  problem  for 
determining  the  lea6t  cost  method  of  transforming  one  system  asset 


vector  to  another.  Under  the  above  coat  structure,  an  efficient  asset 
policy  could  be  obtained  as  a  by-product  of  the  optimal  operating 
policy  obtained  by  solving  (8.1). 

Lastly,  ve  had  to  actually  obtain  efficient  asset  policies  by 
solving  the  mathematical  programming  problems  (5.2)  and  (8.1).  In 
Chapter  V  ve  developed  an  implicit  enumeration  scheme  to  solve  the 
non-linear  integer  program  (5.2).  We  established  in  Chapter  VI  the 
efficacy  of  approximating  the  computationally  cumbersome  base  pipeline 
distribution  with  a  negative  binomial  distribution.  Use  of  thi6  approx¬ 
imation  significantly  reduced  the  effort  and  cost  involved  in  solving 
(5.2).  In  Chapter  VII  ve  reported  on  some  computational  experience 
vith  the  FAVF.  In  that  chapter  ve  also  briefly  addressed  the  issue  of 
using  the  more  facile  steady  state  models  such  as  SESAME  (U.S.  Army  [  1983] ) 
to  obtain  approximate  solutions  to  the  FAVP.  This  is  certainly  an 
interesting  area  for  further  research. 

It  is  very  difficult,  costly  and  burdensome  to  obtain  the  optimal 
solutions  to  (8.1).  The  reader  can  appreciate  the  enormity  of  the  task 
by  noting  the  effort  involved  in  solving  the  FAVP  vhich  is  itself  a 
special  case  of  (8.1).  However,  in  Chapter  VIII  we  briefly  outlined  a 
heuristic  using  the  FAVP  and  AVTP  to  obtain  close  to  optimal  solutions 
to  (8.1).  Developing  algorithms  for  obtaining  exact  and/or  approximate 
solutions  to  (8.1)  is  a  natural  and  fruitful  continuation  of  the  research 
presented  in  this  dissertation. 

Extensions 

We  mentioned  above  two  areas  of  research  that  ve  felt  were 


natural  continuations  of  the  research  presented  in  this  dissertation. 
In  this  section  we  will  briefly  present  some  of  our  (untested)  thoughts 
on  other  extensions  to  some  of  the  results  we  have  presented. 

The  optimization  scheme  in  Chapter  V  for  solving  the  FAVP 
requires  that  for  any  specific  asset  policy  we  be  able  to  calculate  the 
average  and  maximum  expected  total  number  of  backorders  at  the  bases 
over  the  horizon.  However,  the  optimization  scheme  itself  and  the 
other  results  in  Chapter  V  are  essentially  independent  of  the  actual 
distributions  of  the  pipelines  and  the  backorders  at  the  locations. 
Therefore,  the  implicit  enumeration  scheme  used  to  solve  the  FAVP  is 
robust  in  the  sense  that  it  does  not  depend  on  the  most  of  the  major 
assumptions  made  in  Chapter  II.  Therefore,  the  extensions  we  discu&s 
below  will  generally  only  impact  upon  how  we  calculate  the  distributions 
of  the  pipelines  and  backorders  at  the  locations  in  the  inventory  system. 

(1)  N  >  2  Echelons:  Because  of  our  assumptions,  the  depot 
(echelon-N)  pipeline  will  always  have  a  Poisson  distribution  with  mean 
given  by  (3.6).  The  time  dependent  distributions  of  the  pipelines  at  the 
echelon-(N-l )  locations  are  precisely  the  distributions  that  we  have 
given  for  the  ba6e  pipelines.  In  fact,  all  of  the  results  obtained  for 
the  bases  in  this  dissertation  hold  for  the  echelon-(N-l)  locations. 
A6  long  as  the  order  and  ship  times  between  locations  are  constant,  we 
can  establish  an  analog  to  Theorem  4.8  for  locations  below  echelon-(N-l) . 
This  allows  us  to  write  the  pipeline  at  any  time  at  locationj  on  ecbelon-K, 
1  <_K  <  N  -  1,  as  the  sum  of:  a  Poisson  component  representing  the 
number  of  units  in-repair  at  locationj  and  the  number  of  units  due-in 
from  the  external  supplier;  a  Poisson  component  representing  the  number 
of  failed  units  sent  to  higher  echelon  resuppliers  for  which  serviceable 
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replacements  could  not  yet  have  arrived  at  locationj  (even  if  the 
higher  echelon  resuppliers  had  infinite  stock)  because  of  the  constant 
order  and  ship  times;  and  a  component  representing  the  number  of  higher 
echelon  backorders  belonging  to  locationj.  (4.30)  and  (4.32)  can  be 
used  to  find  the  distribution  of  the  number  of  depot  backorders  belonging 
to  locationj.  The  difficulty  in  extending  our  results  to  N  >  2  echelons 
lies  in  finding  the  distribution  of  the  number  of  backorders  at  echelons 
(K+l )  through  (N-l)  that  belong  to  locationj. 

If  locationj  is  a  "proportionate  location"  (see  Chapter  IV) 
then  we  can  use  (4.6)  to  find  the  distribution  of  the  number  of  higher 
echelon  backorders  that  belong  to  locationj.  Otherwise,  since  our 
research  ha6  shown  that  locations  below  the  depot  will  usually  not  have 
Poisson  pipelines,  we  must  modify  the  arguments  we  used  to  find  the 
distribution  of  Qj(t),  t  >  0.  However,  the  same  underlying  approach  is 
still  valid.  Namely,  for  each  higher  echelon  resupplier  of  locationj 
we  need  to  find  the  time  interval  over  which  backorders  accumulated  and 
the  number  of  resupply  requests  made  by  locationj  during  that  interval. 
The  fact  that  higher  echelon  locations  usually  do  not  have  Poisson 
pipelines  will  probably  lead  to  even  more  complex  and  cumbersome  expressions 
than  (4.30)  and  (4.32).  However,  it  is  reasonable  to  expect  that  the 
negative  binomial  will  still  be  an  effective  approximating  distribution. 
In  fact,  since  we  have  shown  the  negative  binomial  distribution  with 
proper  mean  and  variance  can  be  used  to  approximate  (4.6),  we  know 
that  the  negative  binomial  approximation  is  adequate  for  N-echelon 
systems  consisting  of  proportionate  locations. 

The  implicit  enumeration  scheme  given  in  Chapter  V  for  solving 
the  FAVP  is  easily  extended  to  problems  with  N  >  2  echelons.  We  can 
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generalize  Theorems  5.6  and  5.7  so  that  bounds  can  be  established  on  the 
optimal  asset  levels  at  all  the  locations  on  echelons  2  through  H.  By 
fixing  the  asset  levels  at  all  the  locations  on  echelons  2  through  N  we 
can  calculate  the  distributions  of  the  pipelines  at  the  echelon-1 
locations.  We  can  then  find  the  optimal  asset  levels  at  the  echelon-1 
locations  in  precisely  the  same  manner  that  we  found  the  optimal  base 
asset  levels  in  Chapter  V.  Mow,  however,  to  find  the  optimal  asset 
vector  we  mu6t  not  only  search  over  all  possible  depot  asset  levels  but 
also  over  all  possible  asset  levels  at  the  locations  on  echelons  2 
through  N  -  1 . 

(2)  Finite  Repair  Canacitv/Batch  Repair  Policy:  Assumptions 
4,  5,  and  6,  by  maintaining  the  statistical  independence  of  the  times 
different  units  spend  in  the  repair  facility,  allowed  us  to  use  the 
Splitting  Property  of  NHPP  to  establish  that  the  number  of  units  in  the 
repair  facility  at  a  location  had  a  Poisson  distribution.  This  proved 
extremely  convenient  when  we  determined  the  distributions  of  the  pipelines 
at  the  depot  and  bases.  In  principle,  we  could  have  removed  Assumptions 
5  and  6  at  the  bases.  We  would  then  have  had  to  obtain  the  transient 
distribution  of  a  finite  server  queue  (possibly  with  a  batch  service 
policy).  Such  distributions  are  notoriously  complex,  difficult  to 
obtain,  and  cumbersome  to  use.  Removing  Assumptions  5  and  6  at  the 
depot  would  result  in  a  non-Poisson  depot  pipeline.  Computing  the 
distribution  of  Qj(t),  j  ■  1,2,. ..N,  would  then  require  modification  of 
the  arguments  used  in  Chapter  IV  (see  paragraph  (1)  above). 

The  analysis  becomes  even  more  difficult  when  Assumptions  5 
and  6  are  removed  at  the  diagnostic  facilities.  Our  arguments  relied 
heavily  upon  the  fact  that  the  output  of  a  location's  diagnostic  facility 
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was  a  NHPP.  To  establish  independence  among  the  components  of  a  location's 
pipeline  ve  also  relied  on  the  fact  that  the  number  of  departures  from 
a  diagnostic  facility  during  (tj,t2l  was  independent  of  the  number  of 
units  remaining  in  the  same  diagnostic  facility  at  t2«  As  far  as  ve  know, 
these  results  are  valid  only  when  the  diagnostic  facility  acts  as  an 
M(t)/G(t)/“  queue.  (In  stationary  systems  we  could  deal  with  M/M/s 
queues  at  the  diagnostic  and  repair  facilities  ([Kleinrock  (1975)]). 
We  believe  that  losing  the  independence  of  the  different  components  of 
the  pipeline  at  a  location  would  lead  to  intractable  expressions  that 
would,  in  practice,  be  impossible  to  implement. 

(3)  Other  Demand  Processes:  Most  of  the  results  in  this 
dissertation  can  be  extended  to  the  case  where  customer  demands  at  the 
bases  form  independent  NHCPP.  The  problems  involved  in  using  other 
types  of  demand  processes  seem  insurmountable.  In  fact,  to  the  author's 
knowledge,  there  is  no  adequate  model  for  stationary  continuous  review 
multi-echelon  one-for-one  inventory  systems  in  which  customer  demands 
do  not  form  a  homogeneous  (compound)  Poisson  Process. 

(4)  Uncertainty  in  the  Intensity  Function:  The  correct  way 
to  deal  with  a  prior  distribution  on  the  demand  intensity  at  a  base  is 
to  calculate  the  performance  of  an  asset  policy  for  each  possible  value 
of  the  demand  intensity  and  then  to  weight  these  performances  by  the 
prior.  Attempting  to  account  for  uncertainty  in  the  intensity  function 
by  developing  a  NHCPP  model  of  demand  ignores  the  correlation  of  demand 
at  the  depot  and  bases  when  there  is  uncertainty  in  the  base  demand 
intensity.  At  best  this  approach  would  be  an  approximation  whose 
effectiveness  would  have  to  be  investigated. 

(5)  Indentured  Items:  An  indentured  item  i6  a  module  that 
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consists  of  several  components  that  can  be  removed  from  the  module. 
The  basic  idea  behind  this  type  of  design  is  that  when  a  module  fails 
(thereby  causing  a  veapon  system/ end  item  to  fail),  a  failed  component 
can  be  quickly  removed  and  replaced.  The  module  is  then  serviceable 
while  repair  proceeds  on  the  failed  component.  Therefore,  the  actual 
downtime  of  the  module  will  be  less  than  if  the  repair  had  to  be  done 
on  the  whole  module.  Since  serviceable  components  are  not  always 
available,  a  location's  pipeline  must  include  the  number  of  modules 
awaiting  serviceable  components.  (4.30),  (4.32)  and  (2.2)  can  be  used 
to  find  the  number  of  backorders  for  each  component  at  each  location. 
This  quantity  is  then  added  to  the  rest  of  the  quantities  in  each 
location's  pipeline.  The  FAVP  can  be  straightforwardly  extended  to 
consider  the  tradeoffs  between  investments  in  modules  and  components. 

The  other  assumptions  in  Chapter  II  (including  the  assumption 
of  a  one-for-one  resupply  policy)  are  identical  to  the  assumptions  in 
METRIC  (Sherbrooke  [1968]).  Most  of  the  stationary  continuous  review 
multi-echelon  models  in  the  literature  are  basically  variants  of  METRIC 
and  they  have  adopted  the  same  set  of  assumptions.  The  difficulties 
and  issues  involved  in  relaxing  these  assumptions  (along  with  some 
suggested  research  directions)  have  been  discussed  in  the  literature 
(see,  for  example,  Kaplan  [1980])  and  vill  not  be  repeated  here. 
Further  research  into  developing  tractable  models  and  methodologies 
when  some  or  all  of  these  assumptions  are  removed  would  be  useful  in 
the  analysis  of  both  stationary  and  non-stationary  multi-echelon  inventory 
systems . 
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APPENDIX  A 


PROPERTIES  OF  NON-HOMOGENEOOS  POISSON  PROCESSES 


This  appendix  catalogs  some  useful  and  important  properties 
of  non-homogeneous  Poisson  Processes  (NHPP).  Many  of  these  correspond 
to  results  for  homogeneous  Poisson  Processes  and  many  can  easily  be 
generalized  to  non-homogeneous  compound  Poisson  Processes.  We  assume, 
for  ease  of  exposition,  that  all  mean  value  functions  (MVF)  are  differ¬ 
entiable. 


PI :  Let  {{N^(t),  t  >_  0}  i  ■  1,2,...}  be  a  countable  set  of  mutually 
statistically  independent  NHPP  with  the  ith  process  having  intensity 
^(t)  and  MVF  m^(t)  with  I  m^(t)  <  *  for  all  t  >,0.  Define  for  t  >_0, 
N(t)  *  £  N^ ( t )  as  the  superposition  of  the  NHPP.  Then  {N(t),  t  >.0}  is 
a  NHPP  with  intensity  X(t)  ■  I*^(t)  and  MVF  m(t)  ■  £m^(t)  for  all  t  >,0. 
Proof ;  Define  for  t  >  0  and  |z I  <1 


g(z,t)  -  E[zN(t)] 

(  .  tf  -m-(t)(l-z) 

gj_(z,t)  »  Elz  i  J  ■  e  i 


x  *  1,2,.... 


By  independence 

g(z,t)  ■  e  t  >_q,  |z  |  <  1 

so  that  N(t)  has  a  Poisson  distribution  with  mean  \  m^Ct).  Clearly, 
N(0)  *  0,  and  the  fact  that  N(t)  has  independent  increments  follows 
from  the  fact  that  each  N^t)  has  independent  increments.  // 

For  the  remainder  of  this  appendix  let  (N(t),  t  >.0}  be  a  NHPP 
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with  intensity  A(t)  and  differentiable  MVF  m(t),  t  >_0.  Property  2  is 
given  as  a  problem  in  Ross  (1970)  and  Property  3  is  given  as  a  problem 
in  both  Parzen  (1962)  and  Ross  (1970). 

P2;  For  all  0  <  a  <  t,  Pr(N(s)  -  1 |H(t)  -  1)  -  m(a)/m(t). 

^  ptOH.)  ■  into  ■  x)  -  ;<«>  -  ”W.  •  p? 


Pr(N(t)  -  1) 

e~m(s)m(s)  e~[n(t)  ~  m(s)]  m(s) 

e-ffi(t)m(t)  "  ”(t)  ' 


(A.  1) 
// 


Given  an  event  occurred  in  (0,tl,  P2_  shows  that  the  time  that 
the  event  occurred  has  the  same  distribution  as  a  random  variable  with 
distribution  function  m(s)/m(t)t  0  <_s  <_t  and  that  the  probability  density 
function  of  the  time  of  occurrence  of  that  event  is 


f(s) 


4r  *r(N(s) 


l|N(t) 


X(s 

"  m(t)  ' 


(A. 2) 


P3:  Given  N(t)  *  n,  the  joint  distribution  of  the  n  epochs  at  which 
events  occurred,  t^  <_  t£  •••  i  tn  <  t  is  the  same  a6  if  they  were 
order  statistics  corresponding  to  n  i.i.d.  random  variables  Yj,  ^2'***^n 
with  common  distribution 


Proof :  Let  Yjj]  1Y(2]  •••  — Y[n]  be  the  order  >tatistics  corresponding 

to  Yj,  Y2,...,Yq.  The  joint  density  function  of  these  order  statistics 
is  given  by 

n 

g(s1,s2,...isn)  -  n!  n  f(st)  0  1  s!  1  s2*  •  •  1  sn 
where  f(s)  is  given  by  (A. 2).  Thus, 

!  n 

g(s  ,  i  -  l,2,...,n)  -  — ^  IU(s  ).  (A. 3) 

m(t)  1 

Let  h^  be  small  enough  so  that  s^  +  h^  <  si+1.  Then 
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Pr(s1  <_  1  sA  +  h^  i*l, . . ,n) 

Pr(8l  i  ci  i  8i  +  hl  i-1»  *  ‘  "  - p7(N(O^0 - 

-  Pr(N(s1+hi)  -  N(si)  -  1  1  -  l,..,n; 

N^)  -  +  h^)  -  0  1  -  2,...,n; 

N(Sl)  -  N(0)  -  0; 

N(t)  -  N(s  +h  )  -  0)/Pr(N(t)  -  n). 
n  n 


Since  the  intervals  [s^,  a^  ♦  h^J ,  i  ■  l,...,n  do  not  overlap, 
and  the  number  of  events  in  each  interval  has  a  Poisson  distribution 
with  mean  equal  to  the  MVF  over  the  interval,  the  above  becomes  after 
some  reduction  and  rearrangement, 


e~m(t)  n  [m(8  ^  )  _  ffi(s  )] 

1  _  n! 


-m(t)  z^n,  , 
e  v  *  m(t)  /n! 


m(t)“  1 


-  n  [m(B1-Hi1)  -  m(s1)]. 


Therefore, 


Pr^  S  5.  8i  +  hi»  *  “  lf*n|n(t)  "  n) 


n 


nj _  JI 

m(t) 


m(Si+hi)  “  m^8i^ 


Taking  the  limit  of  both  sides  as  the  h^  0  uniformly  we  find  that  the 
left  side  is  just  an  ordinary  probability  density  function  and  that 
this  exists  since  the  right  hand  side  limit  exists  by  the  assumption 
that  the  MVF  is  differentiable. 

Thus , 


8^ | N (t) 


n) 


nj _ 

n(t)n 


n  m(s  .+h , )  -  m(s . ) 

n  lim  - ±-±- - i- 

1  h^  i 


nj _ 

m(t)n 


”  X(s.) 
1  1 


which  is  precisely  (A. 3) 


// 
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As  a  consequence  of  P3.«  if  an  event  of  the  NHPP  occurred 


in  (0,tl  the  time  that  this  event  occurred  has  distribution  function 


m(s)/m(t)  and  density  X(s)/m(t),  0  <  s  <  t,  ii 


of  any  other 


events  that  have  occurred.  The  next  two  properties  are  simple  corollaries 


of  this  powerful  fact. 


P4 :  For  0  <.  s  <.  t  and  0  <.  k  <.  n , 


Pr(H<s)  -  k  |N(t)  -  n)  -  (J)  (^“(l  -  8$)“'  “ 


(A.  A) 
// 


P5:  Let  be  the  time  of  the  kth  event  of  the  NHPP,  k  m  1,2,... 


For  1  <_k  <_n,  the  density  of  given  N(t)  ■  n  is 


(k-l)!(n-k)!  m(t 


Proof : 


Pr(W  _<  s|N(t)  -  n)  *  l  Pr(N(s)  «  j|N(t)  -  n) 


Use  (A. A)  and  differentiate  to  get  (A. 5). 


Alternatively,  and  as  a  direct  consequence  of  P3.»  (A. 5)  is 


obtained  by  noting  that  given  N(t)  ■  n,  e  Is,  s+ds]  iff  k-1  of  the 


n  events  occurred  before  s,  n-k  occurred  after  s+ds  and  one  occurred 


in  [s,  s+ds].  Since  the  event  times  behave  as  independent  random 


variables  with  distribution  function  F(s),  (A. 5)  follows. 


P6.:  Let  <{Nj_(t),  t  >_  0)  i  -  1,2,...)  be  a  countable  collection  of 

independent  NHPP  with  m(t)  ■  £  m^(t)  <  00  for  all  t  >,  0.  Let  N(t) 
-  [N£(t)  be  their  superposition.  Then, 

Pr(Ni(t)  -  l|N(t)  -  1)  -  m^O/tnU). 


Proof :  Clearly,  we  have  that 
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PrC^Ct) 


1,  N(t) 


-m  (t) 

1)  ■  e  m1(t) 


-  m^t)  e 


-m(t) 


-m. (t) 
n  e  J 


Dividing  by  Pr(N(t)  ■  1)  (see  PI )  yields  the  desired  result.  // 
P7.:  Let  (<Ni(t),  t  >_  0>  i  -  1,2...}  snd  (N(t),  t  >  0}  be  as  in  P6. 
Then  for  t  >.0, 


an  event  of  the  superposition  X  (t) 
Pr  {  process  that  occurs  at  t  is  }  *  r*-  ■  ■■ 
from  the  ith  NKPP  j  j 


(A. 6) 


independently  of  the  other  events  in  (0,t]. 
Proof:  By  P6 .  for  h  >  0, 


Pr(Ni(t+h)  -  N±(t)  -  l|N(t+h)  -  N (t)  -  1) 


mi(t+h)  -  m^t)  [m^t+h)  -  mi(t)]/h 
m(t+h)  -  m(t)  "  [m(t+h)  -  m(t)]/h 


Taking  the  limit  as  h  -►  0  yields  (A. 6).  Independence  follows  from 
the  independent  increment  property  of  the  superposition  process  (Pi ) .// 
P£:  Let  <<Ni(  t ) ,  t  >  0}  i  *  1,2,...}  and  <N(t),  t  >  0}  be  a6  in  P6., 
and  let  y^(t)  be  the  probability  that  an  event  of  the  superposition 
process  that  occurred  in  (0,t]  was  from  the  ith  NHPP.  Then,  for  t  >,  0, 

Y^( t )  ■  m^(t)/m(t)  (A. 7) 

independently  of  the  other  events  in  (0,t]. 

Proof :  By  P3.  and  PI., 

Yl(t)./‘^fL  -iVx)  UJ1 .  mi(t)  • 

0  V V  (x)  m(t)  m(t) 

2  3 

Independence  follows  trivially  as  in  P7.  // 

Therefore,  if  an  event  of  the  superposition  process  is  known 
to  have  occurred  in  (0,t],  the  probability  it  was  an  event  of  the 
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ith  NHPP  is  given  by  (A. 7)  and  the  fact  that  this  event  was  from  the 
ith  NHPP  has  no  effect  on  the  probabilities  that  other  events  of  the 
superposition  process  that  occurred  in  (0,tl  were  or  were  not  from 
the  ith  NHPP.  This  immediately  leads  to 

??;  Let  {{N^( t) ,  t  >  0}  i  ■  1,2,...}  and  <N(t),  t  >_  0}  be  as  in  P6. 

For  m  <  n,  _  ___ 

m.(t)  °  o. (t)  n  m 

pr(Nl(t>  -  -mo  -  ■»  -  0  (1  -  shr*  " 

Property  1  ensures  that  the  superposition  of  independent 
NHPP  is  itself  a  NHPP.  Property  10,  as  a  sort  of  dual  to  Property 
1,  ensures  that  a  NHPP  can  be  "split”  into  independent  constituent 


NHPP. 

P10  (Splitting  Property):  Suppose  an  event  of  the  NHPP  {N(t),t  >_ 0} 

that  occurs  at  time  t  >  0  is  classified  as  a  type  i  event  with  probability 

Pj(t),  i  *  1,2...  (Ip^(t)  *  1  for  all  t)  and  that  classification  of 

each  event  is  independent  of  the  classification  of  other  events.  Let 

N^( t )  be  the  number  of  type  i  events  that  have  occurred  by  time  t. 

Then  the  counting  process  {N^(t),  t  >_  0}  is  a  NHPP  with  intensity  *^(t) 

t 

■  A(t)p{(t)  and  MVF  m-(t)  *  /  Ms)p{(s)ds.  Furthermore, {{N- ( t ) ,  t  >  0} 
i  x  o 

i  ■  1,2,...}  are  mutually  statistically  independent. 

Proof:  Given  an  event  occurred  in  (tj  »t2^ •  the  probability  it  va6 

classified  as  type  i  is 


/  P<<x) 


*(x) 


m(t2>  -  m(t1) 


-dx 


1 , 2 , .  •  • 


independently  of  the  other  events  that  occurred  in  (t^,t2l.  Therefore, 
[Nf(t2)  “  N^(tj)  I  N(t2)  “  N(tj)]  is  a  Binomial  random  variable  with 
parameters  N(t2)  ~  N(tj)  and  c*(tj,t2)  so  that  for  |z|<  1 


XX  XX 


|N(t2)  -  NO^)]  -  [1  - 


Since  N(t£)  -  N(tj)  is  Poisson  with  mean  m(t2)  -  m(tj)  and 


I1  “  ci(t1,t2) (l-z)  < 1, 


g±(z,t1,t2)  -  Elz 


Ni(t2)_Ni<tl) 


]  -  exp[-c1(t1,t2) (l-z) (m(t2)-m(t1))], 


Therefore,  -  N^(tj)  has  a  Poisson  distribution  with  mean 

ci(ti,t2)[m(t2)-o(ti)] .  In  particular,  N^(t)  has  a  Poisson  distribution 

with  mean  C£(0,t)m(t),  i  *  1,2 . 

That  each  process  has  independent  increments  follows  straight¬ 
forwardly  since  (N(t),  t  >_  0}  has  independent  increments  and  each 
event  is  classified  independently  of  other  events. 

Since  for  all  i,  1^(0)  ■  0,  (N^t),  t  >.  0)  has  independent 
increments  and  the  number  of  type  i  events  in  any  interval  has  a  Poisson 
distribution,  (N^(t),  t  >_  0}  is  s  NHPP,  i  ■  1,2,...  All  that  remains 
is  to  show  that  the  processes  are  mutually  independent. 

Let  Z  -  (Zj,  Z2**.)  be  a  vector  such  that  |ZjJ<  1  for  all 
i  and  define  the  joint  generating  function  g(Z,t)  *  Eti  Z^i^ .  By 
the  Law  of  Total  Probability, 

Nj  (t) 

g(z,t)  -  EN(t)  [E(n  1  |n (t) ) ] . 

In  light  of  the  earlier  discussion  we  know  the  joint  distribution 
of  (N}(t),  ^(t) ,. .  .|  N(t))  is  multinomial  with  parameters  N(t)  and 
C£(0,t),  i  ■  1,2,...  Therefore, 

g(Z>t)  "  EN(t)[(^Ci(°*t)Zi)N(t)] 

Since  N(t)  has  a  Poi. son  distribution  and  j£  c^ftO.tJZ^j  <  1  we  have  that 


AJtAAkt  A.  Ik  P-m  *  .  .  • 
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>2 

A 


g(Z,t)  -  exp  c-m(t) Cl“Ic . (0,t)Z  )) 

1 

-  exp(-T  m(t)c, (0,t) (1-Z.)) 
i 


n  g.(z  ,o,t) 

l 


where  in  the  next  to  the  last  equality  we  used  the  fact  that  £  c^(0,t)*l. 
Independence  is  thus  established  for  (0,tl  and  can  be  similarly  established 
for  any  non-overlapping  time  intervals.  // 

The  next  properties  are  simple  properties  of  NHPP  given 
as  problems  in  Parxen  (1962)  and  included  here  for  completeness. 
Proofs  are  straightforward  and  therefore  omitted. 

Let  Tq  =  0; 

*  time  between  the  (i-l)st  and  ith  event  of  a  NHPP; 
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are  not  independent,  the  inter-arrival  times  have  conditionally  exponential 
distributions.  Of  course,  if  X(t)  -  X  for  all  t,  the  nth  inter-arrival 
time  has  an  exponential  distribution  and  does  not  depend  on  the  waiting 
time,  Wn_j. 


F14:  g  (t)  -  mCt)*1"1  X(t)  t  >  0. 

°  (n-1) ! 


-(n(t+W  .)  -  m(W  )) 

Ill'  V^Vl*  "  1  ’  V^n-l)  "  e  ti0' 


P16:  b  (t)  -  /  X(a)  e'p(t+s)B(s)n"2  X(t+s)  ds  n  >  2. 

n  0  (n-2) !  t  >  0 


P17 :  B  ft)  «  1  -  B  ft)  «  f  e“m(t+s)m(s)n_2  Xfs)  ds  n  >  2. 

n  n  0  (n-2)!  -  -  " 


t  >  0 


Next  page  is  blank. 
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APPENDIX  B 


DESCRIPTION  OF  THE  DATA  BASE 

We  obtained  data  on  three  D.  S.  Army  weapon  systems  in  order 
to  establish  a  realistic  data  base  for  the  testing  and  validation 
reported  upon  in  this  dissertation.  In  this  appendix,  we  give  a  brief 
description  of  this  data.  All  data  are  unclassified  and  some  scenario 
data  were  fictionalized  but  are  typical  of  actual  scenario  data. 

Each  of  the  weapon  systems  described  below  actually  consists 
of  over  1000  items.  However,  we  restricted  our  data  collection  efforts 
to  the  high  cost  items  on  each  system  since  it  is  precisely  these  items 
that  tend  to  drive  inventory  budgets  and  policies. 

The  Army  believes  (U.  S.  Army  [1983])  that  item  failures  are 
proportional  to  usage.  Each  weapon  system  (e.g.  a  tank)  has  a  projected 
yearly  usage  during  peacetime.  This  forms  the  basis  for  determining 
the  maintenance  factor  for  each  item  which  is  the  expected  number  of 
failures  of  the  item  per  application  of  the  weapon  system  per  year. 
Non-peacetime  scenarios  account  for  different  failure  rates  by  using  a 
usage  modifier  (applied  to  all  items  on  the  weapon  system)  for  each  day 
in  the  scenario.  The  usage  modifier  on  a  particular  day  of  the  scenario 
is  the  ratio  of  scenario  usage  to  daily  peacetime  usage.  For  example, 
an  item  on  a  tank  may  have  a  maintenance  factor  of  .1  based  on  a  usage 
profile  for  the  tank  of  2  miles  driven  per  day  during  peacetime.  If 
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Weapon  System  Name:  Blackhavk  Helicopter  (BHAWK) 
Number  of  Items  in  Data  Base:  75 

Distribution  of  Unit  Prices  and  Maintenance  Factors: 


Unit  Price  (Thousands) 


Maintenance  < 

1 

1-5 

5-10  10-25  25-50  50-100 

100-250 

>  250 

Factors 

<  .01 

0 

0 

1  4  0  0 

0 

0 

.01-. 05 

0 

2 

5  4  0  0 

1 

0 

.05-. 1 

0 

1 

4  6  10 

1 

1 

. 1— . 25 

0 

3 

2  8  0  1 

1 

1 

.25-. 5 

0 

0 

1  2  2  0 

0 

1 

.5-1 

0 

0 

3  4  11 

1 

0 

1-2.5 

0 

0 

2  2  3  1 

0 

0 

>  2.5 

0 

0 

1  110 

1 

0 

Support  Structure: 

Order  and  Ship  Time 

Repair  Policy:  No 

3  bases:  A  Company:  30  helicopters; 

B Company:  50  helicopters;  C  Company: 

_:  7  days  between  bases  and  Depot. 

base  repair.  Repair  time  at  depot  is 

20  helicopters. 

log  -  normally 

Scenario: 

distributed  with  a  mean  of  10  days  and  variance  of 

On  average,  5%  of  all  failures  are  condemned. 

30  day  horizon. 

18  days. 

Usage  modifier  of  1.5  on  each  day  at  A  Company; 

Usage  Modifier  of  2  on  each  day  at  B  Company; 

At  C  Company,  Usage  Modifier  of  2  on  days  1-5;  5  on  days  6-15; 
2  on  days  16-18;  4  on  day6  19-25;  3  on  days  26-28; 

2  on  days  29-30. 


Weapon  System  Name:  Army  Attack  Helicopter  (AAH) 

Humber  of  Items  in  Data  Base:  155 

Distribution  of  Unit  Prices  and  Maintenance  Factors: 


Unit 

Price  (Thousands) 

Maintenance 

Factors 

<  1 

1-5 

5-10 

10-25 

25-50 

50-100 

100-250 

>  250 

<  .01 

1 

8 

0 

0 

0 

0 

0 

0 

.01-. 05 

8 

13 

1 

4 

0 

0 

0 

0 

.05-. 1 

3 

24 

4 

1 

1 

1 

0 

0 

•1-.25 

3 

18 

8 

4 

1 

0 

0 

0 

.25-. 5 

2 

9 

4 

5 

0 

0 

0 

0 

.5-1 

0 

3 

2 

4 

5 

1 

1 

1 

1-2.5 

0 

1 

1 

3 

5 

0 

1 

0 

>  2.5 

0 

2 

1 

0 

0 

1 

0 

0 

Support  Structure: 

16 

bases  with  a  distribution 

of  24, 

19,  11, 

16,  58, 

15,  16,  23,  13,  16,  24,  20,  16,  16,  16,  and  24  helicopters. 

Order  and  Ship  Times:  2  days  between  bases  and  Depot. 

Repair  Policy:  No  base  repair.  Depot  repair  time  15  days.  We  assumed 
no  condemnations  although  on  average,  5%  of  all  failures 
are  condemned. 

Scenario:  30  day  horizon. 

Usage  modifier  of  1 .5  on  each  day  at  bases  with  <  20  helicopters. 
For  bases  with  >  20  helicopters: 


Usage  modifier  of  3  on  days  1-5;  2  on  days  6-15; 
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Weanon  Svstem  Name:  M60A3  Tank  (M60A3) 

Number  of  Items  in  Data  Base:  250 

Distribution  of  Unit  Prices  and  Maintenance  Factors: 

Unit 

Price  1 

(Thousands ) 

Maintenance  <  1 

1-5 

5-10 

10-25 

25-50 

50-100  100-250  > 

250 

Factors 

<  .01 

3 

6 

1 

1 

0 

0 

0 

0 

.01-. 05 

16 

12 

5 

3 

0 

0 

0 

0 

• 

o 

ui 

1 

• 

1— 

9 

4 

5 

4 

0 

0 

0 

0 

•1-.25 

14 

9 

2 

2 

0 

0 

0 

0 

.25-. 5 

36 

8 

1 

1 

0 

0 

0 

0 

.5-1 

22 

4 

5 

1 

0 

0 

0 

0 

1-2.5 

43 

8 

3 

1 

0 

0 

0 

0 

>  2.5 

16 

3 

1 

1 

0 

0 

0 

0 

Support  Structure: 

10 

identical 

bases  each  with  25  tanks 

• 

Order  and 

Ship  Time 

:  2  days  between  bases  and 

Depot . 

Repair  Policy:  Very  little  base  Repair. 

Depot 

repair  time 

:  30  days 

.  Ot 

average 

about  7% 

of  the 

units 

that  reach 

the  depot 

arc 

condemned . 

Scenario:  180  day  horizon. 

Osage  modifier  on  day  t  is  1  +  1.5  sin  t  t/2. 


Next  page  is  blank. 
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